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Chapter 1

L] [

gogb1boa,00b20bb0goobobbooooboobboa,bbbb 2000
gbobodgboboo,bbodbbuobboo,bugobboobboooboobobbod
gogbbobuogdg,bbobbuouggobb,buoobbobobooooobb,boooon
gobobooood

Definition 1 00 MOOOO, xy(M)O MOOOOOOOOOOOOOOOOO, XO
Banech OO OO, XO0OOODOO T: X — XO0OOO,000000 D(T)ODODOODOOO
ooad

oooo,0o0o0 7Toog 200000000000, TO condensing operator 0 O O O
(1) TOOO0DO0OOOOO
(2) x(M)>000O0O D(Iyoooooo McD(T)oooo,

X(T(M)) < x(M)
0ooooo

Definition 2 00 MO NOOOO, MO NO OOODOOOO OO, MO000 NODODOO
goooooooooon,

MCN
dooooooooboooooo, Md NDDDD,M&NDDDD

Proposition 1 ( x(M)O0O0O0O0O0OO)
de finition 1100000 x(M)DODDO,00 (1)~ (9)000000000,00 MOO
0 MOOOO,co(M)O MOOOOOOOOODOOODOOOO

(1
(2
(3
(

4

x(¢)=0 (400000000O)
x(M)=0 < MODODOOOOOOOO0O0O000O
0 < x(M) < diam (M) (000, diem (M)0OO0 MOOOOOOODODOOOO)

b MO NOOOD,0000D00O0

— N

M C N = x(M) C x(N)

(M + N) < x(M)+ x(N)

(6) x(BM)=|8|x(M) forVBeK (K=RorC)

—~
ot

~

=

2



*
=
=
=

) = max{x(M), ..., x(My)}

(
(
(9) X(A4) x(co(M)) = x(co(M))
[0O0][29 000008

Proposition 2 (condensing operator 0 0 0)

(X,]|-|) 0 Banach0OOO,00 DC XOOOOODOOOOOOD,00 (1)~ (3)000

gobobooood

(1) 000 KO Cco,p00 XOoOoooooooao,

K : DcX —X
C : DcX —X

(2) KO,k — constructive 100000,
|Kx — Ky|| <k|lz—vy| forVaz,ye D, kel0,1)

(3) coO,000000O0OOOOO0
dooo,oo00 K+ O condensing operator 0 0 0 [
[0 0] Proposition1.10000000000000,[29]00000

Proposition 3 (GronwallD 00 0O)
00 ¢, ¢, x00OO I = [¢,b) 000000000000 00,000 te IOOO

O,x(t)>0000,000
t
0+ [ xs)els)ds
gooooboooooo
gooo,0n /0o ooogooo

t) < (t) + /thx( {exp/ u)du}ds
o] 200000

Theorem 1 (Banach 000 000)
(X,]|-)D |-|0000000 BanachOO,U c X0 XOOOO,000 70 U00 UD
O00000,7T(U)CUu00000o00o0ooooO,TO UD Lipschitz00000000OO
nooo,

ITe Tyl <kl —y|  for¥eyeU (0DO,0<k<1)

0000,7T0 V0000000000000
[00][290oooo

Theorem 2 (Schauder000000)

XO Banach OO, K C XO XOOOOO,000 70 KOO KOOOOOoooooood
goooooo0o,TOo Xgoooooooo

o] 2900000



Theorem 3 (Sadovskii D000 00)

X0O Banach OO, M Cc XO XOODODDODOOODDOOO,000 TO MOO MOO con-
densing operator D O O OO O OO, TH XOOUOOOOOOO

[0O0][29 000008

Theorem 4 (Kantorovich 000 )

X0 YO Banach OO, D C X0 XO0OOOO,00000 FO DCcXOO YOO ¢c?00
O, FO Fréchet 0000000 F', F'O000, 2 € DO0OOO00OO0O00,0000 (a) ~ (f
goboboouoodgbon

(a) [F'(zo)]”'00DDOO0O

(b) |21 — 20| <y 0ODOODODO0DOO0O40000000DO,

T = 20 — [F'(20)] 1 F(10)

oo0n

(o) |I[F'(z0)] Y| < BOOOOOODODOOD BOOOOODO

(d) D00 r0000,0 [lz—m|| <r000000 2000, ||[F'(z)|] <k
goooooooood xkgoogoo

(000 h=7-B-x0000,h<i000000

(HDDDO r==ZE0p00,rn<r000000

0000,000 F(z) =000 ||z —2|| <7, 000000 2*000000, Newton O

i1 = Tk — [F(20)] T F ()

0,k—oo000,0 2000000
00500000

Theorem 5 POOOO0ODO,0000 deg POOODOOODOOODOOODOOODO
deg P<n<m

gooob pPOOOO,

2u—1
P <1 = =1,.
Pl <1 (sp=cos ™ Sn (p=1,.m))
doooooo,oobooooooooa
|P(z)] < — (ze[-11])

00300000

000,000000000000000000,0000000000000000O0O,[11]
gogoo

e<@00O000 0 e0O000,00 [ge00000000CO

}

S]]

d=laad={reR[a<z<
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00,e=a000,[a)=a=a=a0 000
00,00000 [¢0 p)0000,00000000

]« = {axb|acld be b} {*e{+,—,-,/}

0g[b] forx=/

0oO00O0,00000 4,00 —,00 -,00 /0,000000000000

(o] + 8] = la+ba+

W-0 = le—ba-8 o

[a] - [b] = [min(ab, ab, ab, 6_@),max(a_b, ab, ab, E_Q)] )

Bl = [mina/b ofb, af5, a/b),max(a/b, /5, afb, afb)

00,00000 [¢, 0], [J0000,0000000
(1) [a] + [0] = [b] + [q]
(2) ([a] + [o]) + [¢] = [a] + (6] + [c]), ([a] - [0]) - [¢] = [a] - (6] - [])
(3) [a]- )] =0 <= [a] = [0,0] or [b] = [0,0]
(4) [a] - (o] +[e]) C la] - [b] + [a] - [¢]

la] - ([b] + [c]) = [a] - [b] + [a] - [¢] ifbc>0  forVbelb], Vce]|]

a([b] + [¢]) = a[b] + a[¢]  forVaeR
000,00 [o]00 d(le]) 000000 [o, )l0000 ¢a,[p)) 0,000000000
oo

a—a

max{ |a —b|, [a—b| }



Chapter 2

Joooootd

2.1 Lohner 000

00 [8),[9) 000, Lohner 000000000000

Lohner 00 O0O0OOO0OODOODODOO,000000DO0ODODODODODOO,DODOD
gobbobooobobb,gogobbbuoogobbooan

ooooo
!
= t
U(to) = U
000, f0 RM'O0D0O00O00 DCR"™OOR'OOD0D00O00,400 t,eR"O0O0
000 «0000000000,0000, (t,uw)eDDOOOO
0oooono
o= f(t,u)
r(u(a),u(d)) = 0

000, fO0[ebxDO0 R"ODO0O0O0OO0,DO R"O0O0OOOOOOOO, -0 Dx DO
0OR'O000000000O00DOO0OO

(2.2)

gdododooooooooooooooooooo

(1) r(u(a),u(d)) =ula) —uo (OODODO)

(2) r(u(a),u(b)) = Au(a) + Bu(b)+c¢ (A, Be€ M,(R)) (D0O0O0O00O0O) (3) r(u(a),u(d)) =
uw(b) —u(e) (ODOODOOOO)

uy(a) — ¢

(4) r(u(a), u(d)) = Jf’zé;b)__czl (i €R,1<ik<n)

Up—k — Cn
(0o0ooooo)

O00000000000000D0 (20000 A,BeM,(R)OD0O0ODOOOOOOOO
ooo0o0,B)ooo0,A=I1,B=-1,e=0 (IeM,(R)D00000O0)000000O0
000000,(1)0000,000000000000000O0OOODOOOO
oo000,21)0 (22) 0000000000, 000000000000000,0000



g, 0ogggboboboogobbogd

2.1.1 ODO0O0oOOoobooobooobboon

gobbooboogobbboogooboo

{ vo= S (2.3)

u(te) = wg

000, f0 R"O0O0OO0 DCR00 R'00 p0000000000000 (000, p0
20000000000)000, fec?(D,R)O000000,u€D0,0 000000
«w00000000

00 f000000,23)0000000000000000000

t

uw(t) =uo+ | f(u(s))ds

to

00000 (23)000000T7TO0000O0O0O0OOO,00000T7TOO000OODOOOOOO

(Tu)(t) = uo + /tt F(u(s))ds

0000,70000000000 (23)000000000, Banach 000000000
gobobboooobbovovobobbboooobobobbvyvbbboooubL,bboooo
O0JOoO000O ||-||ocoo0oon

J=[to,to+h]CR (h>0)

telJ

000 ||u(t)||oo:IiIéa1\?<|ui(t)|DDDD,

lu(®)]| = max{e= =} |u(t) | (a>0)

0000 C(J,R*) 0,000 |||le 0000 Banach D0OO0O0000 e *||u(t)e <
lu@®)| < lul®)|lee OOODO, |-l O ||-||CO0O00OOOO,C(J,R") 0000 ||-||OO
000 Benech OO O ODODOOOOOOOODOO,00000U0UO0O00O0OOOOOOOO
00 [ =[’a]CDOO0DO,

U={uecCR") | «"<ult)<a® forVtelJ}

00000 U000000,0000000«eU000,u(t)e’)000000,00 B
000000000, f0000000,f000 [« 00 Lipschitz0 0000000,

1£(@) = fFWllee < Lllw = ylloo  for ¥ z,y € [u°]

000,a=%0000,70 UDD Lipschitz 0000000000 Lemma 21 000
oono

Lemma 1l 00 U={uweC(J,R") |u <u(t)<u’, teJ}, fO Lipschitz0O L OO
00,a=%0000,7T 0 UD Lipschitz0 00000



[00] n=100000000»>20000000000
D00 z,yelU 0000,

ITe — Tyl = maxe 59 [(7(a(s)) ~ F()ds]ln

teJ

< maxe 50 [ 5 (a(s) = £(u(6)l|eds

teJ

L

t
max 675(t7t0)/ L||z — y||sds
teJ to

IN

— maxe 28|z —yllo (OO0, B=L(t—t), €[0,Lh])

teJ

1 2
= —|r— 0<-<1
=yl 0<Z<)

000, ||Te—Ty|<L|z—yl| for Vo,yeU (0D00,L=2)0

o070 rvoouoooooooooooond Theorem 210000000000, Lemma 2.1
00 7TO BanechOOOODOOOOOOODOOO0OOO0OOODOOODOOO,00000 (2.3)
O0oooobDOoboooog,dgn Theorem21 000000

Theorem 6 (00000000000 OOO)
00000 (23)0000,00 [),«']0,0000

[«'] € DCR"

[u'] = uo+1[0,h] f([u"]) C [u°] (2.4)
D00000,00000 (23)000 JOODO00 «* =«* () 000, € [ 0000
00,w e]0D0000DO
00]000«eU00000,T0O00000,000¢teJODODOO,

(Tu)(t) = u’+ | flu(s))ds

N
= 5 &
— + +
- =
= =
ST
N N

N
]
2

000, (Tu)(t) € [u°] forVied (1)

vel 000000000, 70000 vooooooooon

oodd Lemma21 00000, 7TO000O0OOOOOOOOOONO

000, BaeanechOOODDODOOOO, T =w* 0000000« ei0000000O0O0O
000 (1) 00, (Tw)t) e[«']0000

0000 (24)00, v €[] C 0000 O

Remark 1 f e C(D,R") 000,00000 (23)000+¢0000 (p+1)000000
00,000 w0000 p00000000000

00 (24)000000 (23)000 JO00000000000000000000000
0,A,>000000000000000,000000000000



2.1.2 JOO0oboobooooobbogd

00000 (22)0000000000000000,000000000000000
00000000,00000000000000000,f0«000020000000
0,00 r=r(p,q)0 000 (p,q) 0000 2000000000000000000

Definition 3 (DD O0O0O)
00000 (22)00 w=«()0000000 (000000)00,000

V() = A(t)v(t) t € [a,]

{Bav(a)—i—Bbv(b) ~ 0 (25)

OD0000w(t)=0000000000000000,0 A(t),B,,B0000000000

ooo
A(t)
B, 3((a),u(

B, = g—;(u(a),u(

I
/\
s
)
~
N—

)
)

gog,b0booboob,0b Lemme22000000

b
b

Lemma 2 O00OOO0O

Uity = A)U(t) (a<t<b)

{U(a) = T (IeM,(R)YDDDOODO)
000000 U(t) e My(R)OODOO,00 B= B, +BU(G)00000000,000
(25) 00000 v(t)=0000000000,00000 (22)0000000000
00]000 (250000000 U@)O0000,(t)=U#)C (CORODO0O00D0
o0)ooooo
000,U()=I000 o($)0000,u(a)=CO0000
000, v(t)=U(t)v(a)
t=b000 v(b)=U(bw(e) 00000,

B,v(a) + Byv(b) = Bav(a)+ BU(b)v(a)

= Buo(a)

(25)00, Bu(a) =0
O0000,detB#A0000,v(a)=0
Oo00,C=wv(a)=0
0O00,v(t)=U(t)C=00

00,00000 (22)00000000,22)00000000000000, shooting
method O 0O O O O O shooting method 0 O, simple shooting method O multiple shooting
method D00, 000000000O00O0O0O0OODOODO
(simple shooting method 0 0 0O)

000000o0oboobooobo

{ o = f(t,u) té€la,b

ula) = s seD (26)



0D000000000000000,2600000000,00000 u(t;s)00000
0000000 (2600000000 (22)000000000,(3.2)000000000
0000000,seDPO0O0O0 (27)00000000

F(s) =r(s,u(b;s)) = r(u(a),u(d)) =0 (2.7)

ERERN

Y

00000 (26)000 u(t;
DDDDD@@DDDu@¢${ (2.6) u(t; 5)

u(t;s) 0 (2.7) 0000
(multiple shooting method 0 0 O )
0000,00 (6,60 mODOOOOO0OO0DOOOOODOODOOO,

aEt0<t1<t2<"'<tm_1<tmEb
00000 [t,tia] (i=0,1,2,..,m—1)00,00000 »000000000000

{ u; = f(tui) tE€ [titiy]

2.8
U; = 8 s; €D ( )

0000000000000000,28)00000000,000000 w(ts)0000
00000000 (28)00000000 (22)000000000,0000 (29000
0oooo

uo(tl; 5[)) — 51 0
’U,l(tQ; 51) — So 0
Uo(t3;89) — S 0
F(s) _ 2( 3 2) 3 _ (2 9)
um—l(tm; Sm—l) — Sm 0
(S0, Sm.) 0

000, s=(S0,81,..., 5m) € D™, F(s) e RM™O000
ooo,

mOO000000 (28)0000 u(t;s;)
OD0000 (22) 000 u(t) << (i=0,1,2,...,m—1)

0000 w(ts) D (290000
000,0000000000,00000 (22)0000,00 Theorem22000000

Theorem 7 0000 (A),(B),(C)00000000000

(A)0DD00D (22)0000 u(t) € Cla,b) 000D

(B) S, ={ (t,w) [t €a,b], lw—u®)| <p (p>0)} 0000,
flt,u) € C2(S,) 0000

@)@ ={allp—ulal <plla—u®)|<p} 0000,
r(p,q) € C*(Q,) 0000

00,00 f0,00 wDOO,S,0 LipschitzD 0000000000

000O0,00 (a),b),(c)000000

(a) F(s) e CHK)ODODO

(b) F(s*) =0 for s* =u(a) (simple shooting method 0 0 0O)

10



F(s*) =0 for s* = (u(ty), ..., u(t,,))  (multiple shooting method O O
0)
(¢c) F(s*)O Jacobi OO J(s*)ODDODOODODODOOO
[00]()000000000,00 Lemma2300000

Lemma 3 Theorem 22000 (A),(B)0O0000O, fO0 w0000 S,0 Lipschitz0 00O
Joo0ooooooo,bos, Kbooooooo

{ § = pe—L(b—a)

{s | [lu(a) = s|| <6} C R"
0000,000seK0O000,00000 (22)0 s, 000000000000,00
D000 u(b;s) 0000, u(bys) € CXK)D0D0,00 Gts) =242 000000, 00
goodd

G'(t;s) = g ftut;s)G(ts)  (teab])

G(a) = G(a;s)=1 (IeM,(R)DDODODODO)
Oo]@jooooo
Lemma2.300,(2.6)0 S,000 u(b;s) D000, u(b;s) € C3(K)000O0O
000,29 00, F(s)e C?(K) O
(b)(simple shooting method 0 0 O )
F(s*) =r(s",u(b;s"))
0000 s*=u(e) 000, F(s*) = r(u(a),u(b; s*)) =0

(multiple shooting method 0 0 O )
5* ((to) u(t,) 0000, F(s)0 (29) 0000000000

(2.8) O ()—sl (t=0,1,...m—1)000,
u(ty;80) —sy = 0
u(tmfl;smfl) —Sm = 0
r(so,8m) = 0

000, F(s')=00
(¢)(simple shooting method 0 O O )
F(s)=r(s,u(b;s))0000,
J(s*) _ OF _  Or(su(bis)) 9p + Or(s,u(b;s)) aq

Js ap Js
or(s, u(b s)) as or(s, g%b ;) 8u(b s)

—  Or(s, u(b s))] + r(s u( b s))G(b S)
DDDD,S*:u(a)DDD,
J(s*) = J(u(a)) = bl | ortunbato) Gy (q)
— B.+ BU(b)
= B

Lemma2200,detB#0000,00000 J(sOOOOODOOOO

(multiple shooting method 0 0 O)

11



(2900,

Js) = 5 = F(s")

%;0;50) —1 0 0 0 0

0 0

: : . -7 0

0 0 e e o Ouma(tmism—1) _J
Or(50.5:) Bl (oo
T150,5m T(50,5m
Ssom) 0 0 e

m=10000, sstmple shooting method 1 00000 OOOO0O
000 mOO0O (m> 2)

detJ(s*) _ det(ar(asg,sm) O —1(tm3sm—1) . duo(ti;s0) 4 (_1)m(_1)mM)

OSpm_1 dso Jdso

m
_ Or(50,5m) Otm—1(tm;Sm—1) Aug(t1;50) Ar(s0,51)
- det( OSm OSm—1 dso + dso )
0oo,
Ou(b;s) _ Oum—1(tm;Sm—1) OSm—1
Js - OSm—1 s
P aum—l(tm;sm—l) aum—Z(tm—l;sm—Z) 85111—2
- OSm_1 OSm_2 ds
aumfl(t'm;smfl) 3umfz(tm—1;5mfz) . 8uO(tl;SO)
- ASm O8m—2 9so

000, detJ(s*)=detB # 00

2.1.3 OD0OO0O0OO0bOoobobooobd

0000,0000000000000000000000000000,000000
0000000000000000000,00000 (23)000,0000000000
000000000000,0A>000000000,0000¢ =t+j-h (j=0,1,...),
0000000000 =®(w)00000,0¢t=¢0000000 (23)00 u; = u(t;)
OoO000O000O0000

Uj+1 = Uy + hq)(uj) + Zj+1 (] 2 0) (210)

000, z,.,000 [t,t;,,)00000000000000000

(210)00 ;0000000000 %, 000000000,000000000 244 (j > 0)
0000000000, 2=4w0000000000000,00000 (23)000000
000000000000000000000000,000000 (2100000000

(210)00,0000 2,2,..,40000000000,4,,0000000000000
ooooao,

i1 = Uj11(20, 215 -es Zj1)
000,000 «000000000000000000, w40 (j4+2)0000 20, 21, ..., Zj41
O00D00000OD000O0O
000,0 (se,81,..,541) €ERTPOOO00O0, Taylor0OOO0,w;,00000000

12



gobboobooogn

I Quiyq (2
Uj41 = ﬂj+1(30, ey 3j+1) + Z g;l()(zk - Sk)
. k=o U7 (2.11)
32 = (S0, Sjt1) +0((Z0y ooy Zj11) — (505 -5 Sj41))
(000,0<0<1)
oo0o (210000,
’Zl,j+1(80, ceey Sj+1) = ﬂj(SO, ceey Sj+1) + h@(ﬂj(So, ceey Sj)) —+ Sj+1
Ui = U+ h®(U) + 554
0 Z()DDDDD,ZO:SODDDD ZOZU0:ﬂ0280DDDD
00,211)00000 (210000000000000
1) k< ;000
ooooooaa,
unletin) 0 (uy(z, . 25) + hD(5(20, 0 27)) + 2j21)
— Ou(20,---,2;) + ha@(u](zo ----- z;)) 8uJ(ZO ----- zj)
3z, Ou; Oz,
= (I+h®'(u;)52  (@'(u;) 0O0 Fréchet 00)
Yk=j+1000
Oujy1(20,%41)  _ Oujy1(20,%41)
9z, - 5 0zj 41
= g0 (20, s 7)) + h®(w;(20, -, 25)) + 2j41)
I (IeM,(R)OODODODO)
1),2)00,
ou; .
Oujpr _ [ (I +h®'(uy))5t (k<) (2.12)
Oz, I (k=j+1) .

gogb,ggdbb,ooobbbuoogbobobod

Ajre = au’é%l(z) (k<j+1)

0000000000,(212)00,

a A (B<))
TRl (k=g

(212)00000000000,
Ajip = AjAj = Aj(Aj Ajoag) = - = AjA 1 Ay

ggooobod (2.11)DDDDDD

]+1 au
Ujt1 Ujy1 + Z 8zk Sk)
J
= (j + h®(;) + sj41) + D Ajyrw(ze — s) + 1(zj41 — sj41)
k—0
J
= ’[Lj + hq)(ﬂj) + AJZ Ajyk(zk — Sk) + Zj+1

k=0

13



ooo,
j
uj+1 = ’[Lj + hq)(ﬂj) + AJZ Ajyk(zk — Sk) + Zj_|_1 (213)
k=0
0000 (213)0000,00000 (23)00«(+)000000000000O0000OO,
00 (a)~ (e)0000000000000,00 [t;_y,4] (j=1,2,..) 00000000 [u)]
00000000,0000 [t;,44)000 «() 00000 [u,,]00000000000
ooo0d

()00 [t;, ;4] 0000 w(t) 0000000 [b2,,)]00000

0000,00 [t_,¢] (j=12,..)000 «()00000 [»,]000000,0000
[uj,u;] 000 () 0000000 [w2,,]000000
000 [t,t,,)00000000000000000000,00000 «()000000
0ooooo

= u; +/ ))ds € [u] +/ [ugy1])ds
C [u j+1] + [0, A 'f([ugﬂl)

000, [ujy] = [u]+[0,R]- f([u),,]) C[u),,] 000000, Theorem 2.1 00,00 [t;,t;44]
000000000000000,u(t) € [w,,] 0000
000000, [ul,] € ] 000000000,00 dgorithm 0000000000
O,Theorem 2.1 000 (24) 0000000000000

(algorithm)
(1000, [ C[W,,)00000000 [u,]0000000
(2)(1)0 [u%,,]0000,000 e>0000,

[w5] = {1+ o)[ujy] — eufy]}

gooo

(3) (20000 [, ]000DO,

[uja] = [ug] + [0, 1] - f([ufy])
0ooo
(4)(3)0000 [ub,,]ODODO,
[uby] C [0, ] 000000, [wl,] « [«,]000,2) 0000

[uj 1] € [uf,,| 000000, algorithm 000

0000000,00 [u,u4)000 () 0000000 [«2,,)000000000000
()ODDOO0O000 7400000

() 0000 [«%,]0000,[;4]000000
0000000000e0000000000,[2,]000000 W,,]00000000
oooooo,

[241] = U([uf;4])
0000000,000000 [24]000000000000

14



()000000 [4]0 [u;,]00000
00,0000000 [t,_.,4]000«(¢)00000 [»]0000,000000 [4;]0
00000000,212)00 A;=1+h®(u,)000,[4;]=1+hrd(u,])0000000
00 [4,]0000,0)0000,000000 [44,]00000000,213)00,0
@+h@@pDDDDDDD DDDDDWHJDDDDDDDDDDDD

MQ

[uja] = u; +h®(a Ajrl([z6] = s1) + [2h41]

=

<l
=

=, + h®(u;) kz; io1)[A—a] - [Ak]([2k]) — sk) + [2k41]

0000000,000000[4,)0 u,,]000000000000
()00 [tj,t;4) 0000 w(t) 0000000 [v2,,]0000000

()00D00 [u,]0000 [w,,)]0000,0),(c)0000000000000000
0000000000000 [ul,])0,(6)0 [«%,]000000000000000000
[#+]0 [0,]0000000000000,0)0000000000000,(¢)0 [uj4] O
00000000

(e) 0 sj41 € [z;11) 0000

() 000000004 + hd(3) 0000000, 0 sj41 € [25] 000000
O, @ = @ + h®'(@;) +5,,000000000,0 s;,0 [24] 0000000

000 (o)~ ()000D0,00 [t1,4] (j=1,2,.) 00000000 [4,] 000000
00,0000 [t,t,,]000 «(f) 00000 [y, 00000000000000000
O00,00000 (23)000 [e,b]0000,2.1.200 multiple shooting method 0 0 0 O O
0o, 000000oboooonoo,oooooao

000w 00000000,00000000000000000000,0000 [te, t4]
000«(¢) 0000000 W]000000000,00000000000000000
O00000,0wu(t)000 [¢,b)00000000000O0O0O0OOOOO,0000000
oo, 0oooooooobooooooonod

214 OD0OO0OOOOOOOO

0000,00 [t_y,4]000w(t)00000 [»]0000,0000 [t,t,] 000 u(t)
00000 [, 000000000000000000000,00000000 [u)4]
0,0000000000000000000000000,00 [t,t,,]0000000,
00,000 v, 0000%,000~,0000000000000000,r,,,0000
00000000000000000,0000000000,(213)0000000000
0oo

Ujrr = Ujpr + T
AR 2.14
rirr = Y Ajpae(ze — sk) = Ajry 4 (241 — si01) (214

k=0
00 (214)00000000000,000000000000
(Hoooo 1

{ [ro] = L20] =50 (2.15)

rinl = [Allz] + [z0] = sin

15



(215)0000,00 [r,,)00000000,00000000,00000000000
000000000000,000000000000000000000,0000000
00 «"(t)+u(t)=0000,0000000 4,0000,,00000000000000,
000000000 [r;,]000000000,00 |cost |+ |sint 000000000
0000000000000,0000000000000000000000000000

To € Bo[fqo] ogooo

{ 0000000 By €M,R)(j=0,1,..)0000, (2.16)
[#j11] = (Bih[4;]1B)) + Bii([zjn] — s;:1) DO OO

Ti+1 € [?'j+1] ooon

\

(216)0000,r;,00000 B;(,0000000 [#]00000000000, Bjyy =
I(j=0,1,.)000000,2.150000000000,0000000000D0OO00OO
ERERN

(2)0000 2
0000 10 (216) 0000, By €[4,]1B; (j=0,1,...)0000

00000,Bj=1(j=0,1,..)000000,21500000000000000, By,
0000000000,0000000000000,00000000,00 B,,0000
00000000O000,0000000000

1)00 B,,00000000,00 B;,0000000000000000000000
2)000 B;4,000000000000000,00 B,,0000000000

2)00000100000000000000,0000003000000

(30000 3
00,0000 By, €[4;)3,0000 B,,00000000,00000,0000 Q,,
000000 R;,0000000000000000

{Bj+1 = @j+1RJ+1 (2'17)

Bj+1 = Qj+1

(217)0000000 B;,0000000000000000,0000100000,0
001),20000000000000 B,0000,(215) 0000000000

Remark 2 0000 (216)0 000000000000, r;x|]0000000O0DO0OOO
ooon

0,0000 (316)0000000000O0DOO0O0OOOOO,
By=I(IeM,(R)DDODODODO), 0] =[20] — 50000,

ro € Bolio) 00 0D

0000000 By, € My(R) (j=0,1,..)0000,  (a)

[7+1] = (B 1[A;1B;) + By ([zj51] — 5;41) 00O O

ris1 € [f;3] 0000

4

16



Co=IIeM,R)OOD0DOD),[ro] =[20] —s0000,

ro € Colfo] DO OO

! 0000000 Gy eM,(R)(j=0,1,..)0000, (b
[j41] = (CAIAC) + Oy (2] = 5341) DO D D

| T €7 0000
DDDD,[Tj+1]DDDDDDDDDDDDDDDD

Ti1 = BjnTin = Cj+lcj_+11Bj+17:"j+1 € Cj+1((Cj_+11Bj+1)[7:"j+1]) (c)
riy1 = Ciparj = BB Ciaij € Bj+1(§B{+11Cj+1)[’7“j+1]) (d)
(0),(d) OO, 7541 € Bia([741] N (B Cis)[151]) (e)

(0),(c) 00, 741 € Cipa([rja] N (Cify Bia)[7544]) (f)
00000,(e)0 (f0D0DO0DO0O,[r,0000000000000000000

(40000 4

000000 [u 00 d(ju]) 0000, d([u]) > d([z])00000,00000000
00000D0,000000000000

00,214)0000000000000

Uj1 = Ui+ Cjp1(20 — S0) + Ty
Jj+1

Pier = D Ajrie(zr — k) + (Aj10 — Cjan) (20 — 50) (2.18)
k=0

CO - I ([ € Mn(R) |:| |:| |:| |:| |:| ),Cj_|_1 € [AJ]CJ

gooo,ouoooon [uj+1]DDDDDDDDDDDDDDDDD
[wj1] = g1 + Cjpa([20] — s0]) + [Fj1]

000,[f.)00000000,000 Remark2200000000000000000
0,d([u)) >0000,0000100000000000,00 C;,0000000000
000000000000000000,(z2]=5000000001000000000

gbobobooboooboobuoobuobboobooboobg,gecu,uboonoono
gogbboobooobbb,go0,ooooboboodad

[ujr1] = 4 hS[P(a;)] [2)41]
000,00000000044, €941 0000,0000000
2j41] = [Uj41]9 Uj1a
000000 [24] — 800 [5,]00000,0 s,,00000000
Sj41 = iy — Uj — h®(;)

00000000000,(2.11),(2.13),(2.14) 04,2, 0®(%,) 0000000000000, 0
00 d(li;4,])0000000000,000 d(34])0000000

17



2,15 Uoooboobuoooooboon

0000000000000000000,21200000000000,00000 (2.2)
00 s 00000 [s|00000000000000 [s*]0000 algorithm O, 0000
O0O0O0O NewtonOOOOO

(algorithm)
()0 s*00000 [sY0000000
(2)0mre[s*]00000 (000,»000 algorithm 000000
0o),
[§u+1] — mY — [Gu]F(mu)
0oooooo,
[GT={[F'(s)]" | s€[s"]}
(3)[*M) Cc[sv]oODO, [s**] «— [*™ 000 (2)0DoD0O
[T Z [0 000, (1+e)[" ] —¢[8*™] (OOO,e>0000 (2)
goooooon, algorithm OO0

000,21.300 algorithm0 000 (1) 0000000 [°)0,00000000000000
00,2)00,[e 00000000000, Theorem 220 (¢)00000 J(s*) = F'(s*)
D00O0sel)00000000000000,(3)00, algorithm 0000000000
00000000000

[su-i—l] - [g,u-l-l] 0 [Sy]

0000,00000 (22)0000000000000000O00OO

2.1.6 OOOOOO

O00000000000000 (Van der PolOO0O) 0O

u' +e(u?—1Du'+u = 0
W(0)=u(L) = 0 (2.19)

u(0) = —u(3)

e=010000,Lohner 000000000, u(0) € [2.00010397973, 2.00010397997],

' € [3.14355560,3.14355565] 000000 000000000000

2.2 Plum (OO0

OO0 [200000,PlumO00000000C0OOO0O
gobbobooogbobodgo

{_u"(x)+F(x,u(a:),u’(x)> = 0 z€[01] (2.20)

Bolu] + Bi[u] = 0

0O00,Fecr(p,l]xRxR)(000,p0 10000000000), B, B,000O0O0
0000

18



gogogood (2.20)DDDDDD,DDDDDDDDDDDDDDDDD
(A) Sturm — Liouville 0000000

{de::—awﬂn+mwm (000, a2 ++2>0) (2.21)
Bilu] = apu’/(1)+yu(l) (000, o2 ++%>0) '
(B)0OOO0OooOo
Bolu] = wu(1) —u(0)
{ Bilu] = w(1)—u(0) (2:22)

O000,00000 (220000000000 ROOODODOOODOOOO,00000000
goooooooo
R={ue H*0,1)]| Bo[u] = By[u] =0} (2.23)

000,H*0,1)000 (0,1)0000 20 Sobolev0 00D 0O0O0D0D0D,2000000
0000 L*0,1)0000000000000000O0O0O00O0O0OOOOOOOOOn
godn
()000 we ROODOOO
0) L2000 || "+ F(,w,w)|l2nB 00000@ O [+ lz2ond [l 0DOOOO
oooooo)
(){ueR|Llye RF})0O0 L*LO0DO0D0D0DO0DO0DO0DO0D00O,00000
goooooooooobn

Liu| = —u" 4+ bu' + cu

b= KF(,w W)

c=0hF(w,w)

L*u|: L] 000000

R* ={u € H*0,1) | Bi[u] = Bf[u] = 0}

By, By 0000 BO By OOdoogog

O00,00000 (22000 ROOOODOOOODODODODOOOODOOOOOODOOOOO

2.21 0O0O0oboobooooooon

Theorem 230 00000000,00000000000
Assumption 1 000000000 oOO00OD0O,0004600000000000

36 >0 such that || — " + F(-,w,0')|s <6 (2.24)

Assumption 2 00 KO K'DOO0O,0000000

I K >0 such that ||u|le < K||L[u]|2 (2.25)
K >0 such that ||u'||e < K'||L[u]||2 (2.26)
000, [y =1-1l-0000

Assumption 3 00 0O 00 majorizing function 0000000 GcGO0O00O0O00O0O

G :[0,00) x [0,00) = [0,00) O, 00000000000
000 ze0,1,yeR,pe ROOOD, 0000000
| Fz,w(2) +y,w'(z) + p) = Fz,w(x),w'(z)) < G(ly | p])

19



00,00 FOOOOOOO,00 GOOO0O0O00O0O0O0OO0OOoOoooooOoonoa
G(a,ﬂ)zO(aQ—I—ﬂQ) fora, —0
dooo,0o0ooooooono,on Theorem 23000000

Theorem 8 (000000000 OOOODODO)

Assumption 2.1, Assumption 2.2, Assumption 23 0000000000000, 6 <

min{%,%}—G(a,ﬁ)DDDDDDDDDD a>00 >000000000000
O0000,00000 (22000000 weROOODO,|[|U-w|le <a, |lU =l <

00000000 (22000000 0000000

[00j]00000oooooo0ooooon

{L[UHf(',u,U’) = —dw]

Bo[u] + Bi[u] = 0 (2:27)

000, f0dw] 0000000000000

flayp) = Fla,w(@) +y,0'(z) +p) = Flz,w(z),w' () — c(z)y — blz)p
dw] = —-w"+F(-,w,w")
000,227 0 |lu*fle < a, [|[(*)]e < pO000000 w* € ROOOOODODODO
0, U=w+w*€R0O(2200000000000,0000000000,000000

Assumption 2.20 Banach 00000 ,0000 LOOOOO L-'O000O0OO0COO,
—L'e L(R,L*0,1))

00, SobolesD 00000000, HX0,1)0 CY[0,1]0000000000000000
oooooo,
H?*(0,1) € C'[0,1]

00000000,000 70
Tu=—L7"(dw] + f (- u,u))

00o00ooo,To cHo,1]00000O0 ¢to,1]00000000000O0o0OoOag

000,00 D={ueC'0,1]|||Julsx <o, |[|lx <p}0000,TDcDOOOODO
000000000,00000000, Schauder0000000000,000 70000
0000000000000000 (227)0000000,00000000000000
000,7DcDOOO0

000 we D,z€10,1]0000, Assumption 2.3 00,

| f(z,u(z),w'(2) | < G(lu(z) |,[u'(2)])
G([lulloo, 1u']]oo)
G(a, )

IA NN

g

|
~=
I
L
=
o
QU
8
—
v

O,
{1 uta), ' @)Pdsy
I5Gu <

AN
«Q
°
=
=



Assumption 2.1 000, (1) 00,

| LT u][] ldlw] + f(,u, u')]2
| — " + F(-,w, )]s + G(a, B)
6+ G(a, B)
min{ &, %}
Assumption 2.2 00,

172 oo K| L[Tu]ll2 a

1(Tu)' | K'||L[Tu]||2 g

000,TueD forVueD,00,TDC DO

VAVANI

< <
< <

00 Theorem230000,00000 (220000000000000000000000
00000400, Assumption 2.1 0 Assumption 220000 we ROODO 6K,K'000O
00oobooboobo,000bog 222000000004d

222 JUO0wOOOOMWOOOOO

Ooodd,Theorem23000000 Assumption21 0000 we ROOO 6000
ooooooooooon

(H)D00DweROOOOO
O00 we RO,00 algorithm DO0O00OO0O NewtonOODDODOOOODO

(algorithm)

()000 woe ROOOODDDOOOOOO

2w, 1€ RODDODODO(CDOO0O,n000 algorithm 00000000
O0000),00000

{_u'l+agF(',wn_1,w;1)+82F(-,wn—1,w;1>-u = —dwn] (2:28)

Bolu| = By[u] = 0
0000w, e ROODODOOOOO,dw,7)]00000000O
dlwn1] = —wp_y + F( wpm1,wy, )
(3)(2)0000 w, e RODODOO,
Wy — Wpo1 + Uy

0oo,2)0000

000, algorithm(2) 0000000 u, € ROOOO000,00000 Newton 00000
oooo
00000000 Py(a),Pi(2),....Pu(z) e RODDOO,

up(z) = Z: ap Py ()

000000000,00 2g,...,an € [0,1]0000,228) 0000000000000
ao,...,any0 00000, ag,..,ay00000000000000000O0O0O00O,000

21



000000000 GawssOODOOOOODODOOOOOOO,w,(z) 00000000000

00,000 Py(z),Pi(2),..Py(z) € ROD o,z € [0,1] 0000000000000
guodo,gguooooon

T = %[l—cos(%ﬂ)]*l (M =0,...,M)

P, = 22(1 —2)’T}, s(22z —1) (k> 2)
O00,7;0 0000 10 ChebyshevD OO OODODODOOOOO

00000000,00000 (22000000 weROO0OO0ODOOOOOOO

(2)00 s00000

o000, 00o0obobbooouooboog
() 00 FO,00000000000000O00

0000,dw] =o'+ F(,w,w)00000 »n00000000
[38] O Theorem 2 ( Theorem1.5)00, 0000000000

[dwlllee <€ max {|dw](&)] } (2.29)

§=0,1,...,

000,cO¢00000000

C = C(n,N)E.[COS(%)]*1 (00O, NOn<NOOODOO)
& = 31+ cos()] (7=0,1,...,N)
dw]2]] < |ldjw]]lc0 D 0,(2.29)00,0 & (j =0,1,..,N)0OODO0ODOO 60000
ooon
b)) 00000
00,000 w,w'000 @, @000 w, 0 [3]0 Theorem 2000000000
00,00 >00000,00000000 ny,ne,ns e NOODOOODOOO
|F(z,y,p) = P(z,y.p)| <e  forzel0,1], y€wd] pe ]
{PDDDDL%pDDDDﬂDnﬂﬂMLmDDDDD
0000,e)00,dw] = -+ P(,w,e)000000 n00000000000000
O, 000oooooooooooon
[dw]llee <[] ="+ P( w,0)][eo + [F(-, w, )]
ld[w]ll + &

C max |dlw](&)] +=
C’j:max |d[w](&)| + (C +1)e

0,..,N

IAIA

IN

-----

0000000,(0)0000,0 ¢ (j=0,.,N)0OODODO000,00 600000000
00000

223 OD0KODKOOOOO

00000, Theorem 230000000 Assumption 22000 KO K'OOOOOO
00000000000 KO K'DoOOoooooo,0o00oooo Gy, ¢y, Ky, Ky, K,00
gooooooog

lullo < Collullz + Ci||v'||s for w e H'(0,1) (2.30)
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lulls < Ko||Lull|2 forue R (2.31)
[W'|lo < Kil|L[u]l|2 forue R (2.32)
|u"||ls < Ky||L[u]||s forue R (2.33)

N

0000000000000,0225)0 K=CKy+C,K,00000000,(2.30)0000
wO0D0O000 #O000000,22600 K =CK,+CK,000000000,00000
0000000000 Gy, Cy, Ky, Ky, K,0O0ODOOOO0OO0O000D0,(230)000 G0 ¢
0000,00 Lemma24000000

Lemma 4 (2.30)0,000000000000 Gy, ;000000000
(1) Co=0,Cy =% if w(0)=u(l)=0

(2) Co=0,C1 =1 ifu0)=0o0ru(l)=1

(3)C0 1000000000, G =5k if u(0) = u(1)
(4) otherwise
[

4)C,0 1000000000, Cy =
O00] 1910 Lemma200000

1
V3Cq

00,231)000 KeOOOOOOOOOoOoDooOOO

(00 K,0OoOoo)
00400000000000

{ L'Lfu] = du on(0,1) (2.34)

Bolu] = Bifu] = Bi[L{ul] = Bi[Llu]] = 0

000,0 L, By, B:0,L*0,1)000000<,>0000000000000
0000,(234) 000000 A,0,0000000000

Llul, L
Al = min < [u], [u] -
u€R < u,u >

00,00000,
_1
Julla < Ay 2 (| Llu] ||

oooo, nO0,231)000 K,O0OOOOOODOODOOO,00 MODOODODOOOOOO,
000 KeO0OOOODOOOOOO,Plum (B OOODO0O0O0O0OO0O0O0OOOOOOOOOO,O
U KdOobOoooooooooo

(00 K0 K;00OOO)
(2.32),(233) 000 KO K,0OOOOOODOOO,0000000 Lemma 2.5 0
Lemma2600 Lemma 27000000

Lemma 5 (231) 0000000000 K,0OOODOOOOOOOO,(A) Sturm —
Liowille 0000000000,0 (B)0000000000,000000000000
0000000000

(A) Sturm — Liouville DO 00000000

A > —£+%M® if ag#£0
A > -2 Lp1) ifa #0

= a2

oobooboo AeROO0OOOODO
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(B)0000000000
A2 [(0) ~ b(1)]

000000 AeRODOOOOOO,z€0,1]0000,
1
c<cx)— ib'(x) — A{2+4 (1 — 22)[2A(1 — 22) — b(x)]}

gooobgobdb eceROOOOODO

00,00 EO E=eidl>000000
0000,000000000 K,0000,232)00000000,

E[Ko(1 - cKy)|z if cKo <}
MWS&Mbem&;{A“ o ,<

NG otherwise

0O0] »w=0000,000 K;>00000000000000000,vw#A000000

00000
00,z€0,1,uc R—{0}0000,00 w(x)00000000

w(z) = el 2402 for e 0,1], ue R— {0}
00 w(z)0DO0O0O,000000000000000000O,
/OlwuL[u]dx = —/ wu dm+/ wbuu'dm—l—/ weu’dx
= /u{ (wu') }dx + / (w' + wb)(u® da:+/ weu’dx
= [~wuu + (v + wb) u2]0+/0 w(u')?dx

1 1
+/ {we — i(w' + wb) Iu’dx
0
0oo,00000,

w(0) = w(l)=1
w'(z) = —2A(1 — 2x)el72420=2)] (1) = {4A%(1 — 22)?}el-242(1=2)]
w'(0) = =24, w'(1)=2A

gdo,guououooooooan,
/OlwuL[u]dx = u(l)[—u'(l)—F(A—i-lb(l)) (1)]

+u(0)[u ’(0)+(A b(0))u(0)] + /

+/ c——b’ A{2+(1—2x)[2A(1—2az)—b]}]d
000,0000,

- ;b’ _A{24 (1= 20)24(1 — 22) — B} > ¢
goo,gououououd
1

MUFMU%HA+%MDMOH+M®W®%HA—§M®M@ﬂ20

(A) Sturm — Liouville DO 00000000

24
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=0 =00000,22)00,v%#0, v1 #0
00D,00000 (2200000000, u(0)=u(l)=0 forYueR
godooboooooo,ooboboooouoobooon
odo, oo 0o odouoouoooooon
1) ap#0, 0y #0000

(221)00,
u'(0) = 2u(0) (1)
u'(1) = —2u() (2)
()00000,
MDFMO%HA+;MDWGH>0 (3)
(Hooooo,

mmwwrwA—immmmnzo (4)

(3)0 (4)00,(2.35) 0000
2) ap=0, ¢y #0000
ap=000,u(0)=0
00D0,(3)00,(2.35) 0000
3) g #0, vy =0000
ap=000,u(1)=0
00D0,4)00,(2.35) 0000
0000,(235 0000

(B)0000000000
(2.22)00, u(0)=wu(l), «'(0)=u'(1)
0oo,0000,

u(D)[='(1) + (A + 55(1))u(1)] + u(0)[w'(0) + (A — 5b(0))u(0)]
> u(D)[=u/(1) + {5(b(0) = b(1)) + 3b(1) }u(1)]
+u(0)[w'(0) + {5(b(0) — (1)) — 55(0) }u(0)]
= 0

000,235 0000

00 (235)000000000000000O,

1 1 1
/ wuL[uldz > / w(u')*dx +/ cwuldx
0 0 0

000, w, = min wz) OOOOO,
z€[0,1]

1
| wullulde > wollu' |} + cllvaul}  (3)

1 A>0
max w(z) = B (420) 000, w<wE?,00
€[0,1] e 2% (A<O0)



DD;LWMHWDDDDD

w
IL[l[ope = I/l (7)
Wo
(5)DDDD we>00000,

L w w
—Ld> 12_|_ 2
| ouLlude > o'+l [l

(6),(y0O000000O0O0O0OO,

IN

[u']]3

/'E¢:QLm]x—qwmm

E|\/arull2\L[u]ll2 = cl| L]u]|l54°
p(E — cp)|| LIu] |13

000000 (231)00,

VARVAN

o< < IEul:

T L]l
ooo, fw=wE-cp) 000000 f(p)ODOO, K2 = max

ne0,EKo|
ggdoooooooo

< EK,

f(pOOOO,00

b Lemmae 25 0000,00 KyOOUOOOOoOoOoOoOoOoOOO0 Kboooooog,oo

Lemma 2600 Lemma 270000

Lemma 6 (2.31)0 (232) 0000000000 KO0 K,0000000000000,(A)

Sturm — Liowville 000 0000000,0(B)00000O0OOOOO,

dododooooogoogon
(A) Sturm — Liouville DO 00000000

’ngo + 200070C0 — Oégboco > 0
—Y7bo + 2017160 + @jbocy > 0

O00ooooooog b,coeROODOODOO

(B)0O0O00000000
by, oD 000000

0000,000000000 K,000OO,(233)00000000,

[u"|l2 < K| Lu] |2
For Ko = [(14 ||b = bol|s K1 + ||¢ = col|coKo)? + max{0, —b% — 2¢co} K2]2
[00]000weRODOO,
| — u" + bou’ + coul|?
= / {(u")? + b3 (u)? + cau? — 2bou'u" + 2bgcoun’ — 2coun’}dx
= lu"[l3 + (b5 + 2co)[|w'|[3 + cgllull3 + [—bo(w')* — 2coun’ + bocou?]g
ogod,ob0gooooood

[—bo(u')? — 2coun’ + bocou®]y > 0

26

gogoobood
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(A) Sturm — Liouwville D0 00000000
Lemma25000000,000000000000000
1) 0107£O, al#ODDD

(2.21)00,
W) = Zu(0) (1)
(1) = —Zu(1) (2)

(1),(2)00000,
[—bo(u')? — 2couu’ + bycou?]}

= {=bo(u(1))* = 2cou(1)u'(1) + boco(u(1))*}
—{—b0(u(0))* = 2cou(0)u’(0) + boco(u(0))*}
= "3 (u(1))? + 290 (u(1))? + boco(u(1))?
—{—%@(0))2 — 200 (4(0))* + boco(u(0))*}
— (“(alz)) (—v2by + 20171¢o + A3boco) + (u 2))2( 2bo + 20Y0co — aboco)
>0
000,236 0000
2) ap=0, ¢y #0000
ap=000,u(0)=0
000,)00000000,236)0000
3) g #0, vy =0000
a;=000,u(1)=0
000,)00000000,236)0000
0D0D00,(236)0000

(B)0000000000
(2.22)00, u(0)=wu(l), «'(0)=u'(1)
ooo,
[—bo(u')? — 2coun’ + bocyu®]y = 0

000,(236)0000
000,00000000000,000000 (231)0 (232)00000,

[u”[I5 < | = u" + bow' + coull5 — (b5 + 2co) [[/]]3

(I [u]ll2 + 1I(bo = b)u'll2 + [|(co — ¢)ull2)* — (bg + 2c0)l[w/]|3

(IZ[u]ll2 + 110 = o)l Kt | L[u]l]2 + (e = o)l Kol L[u][[2)*

+max{0, —(by + 2c0) K F|| L[u]||3

[(L+ 16 = bolloo K1 + [|e = colloo K0)? + max{0, —bg — 2co LK 7] || L[u] 3
= K| L[]l

0000,0000000000000

ININA

Lemma 7 (2.31)0 (232) 0000000000 KO0 K,0OOOOOOOoOooooO,O
0 b, q, /B[U’7U]7p07 qOD;
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p=b>+b+ 2

q=c*— " — (be)

Blu,v] = [-bu'v' — c(u'v +uv') + (¢! + be)uv]y  for u,v € R
po:p O

qo:qu

god,bobbobbbooooogooo
Blu,u] >0  forVuéeR
0000,000000000 K,000OO,(233)00000000,
[u"]]y < Kol[L[u]ll,  for Ky = [1 + max{0, —po} K2 + max{0, —q} K2]>
[D0]000weROOODO, 00000000000,
|L[u]|l3 = /01(—u"—|—bu'+cu)2d:z:

1 1 1
= /(u”)zda:—F/ p(u')2da:+/ qu*dz + Bu, u]
0 0 0
> 3 + polle 1+ ol
0oo,

[[u"][3 | Z[u][|3 — pollu'l|5 — gollull3
| L[u]||3 + max{0, —po } K| L[u]||5 + max{0, —qo } K || Llu] |3
[1 + max{0, —po } K? + max{0, —qo } K2]|| L[u]||3

KGILLulll3
0000,0000000000000

I VANRVAN

000 Lemma 2.6 0 Lemmae2.7000000000000 K,O0OOOODOO,0000O
00000 K,0000, Lemma 2.50 Lemma 2.6 00, Assumption 22000 KO K'O
O00000000000000000 Theorem23000000000,00000 (2.20)
Ooooboobooboooooboooog

2.2.4 J0OUOOOO
00000000000 0000
-U" = MUl - %(U’)2 — é(U’)‘*] on (0,1)
U@©)=U'(1) = 0
22200 Newton D0DODODOOOO, M =80, N=2m, C =+/2000000000
000000, A=3000 «0000,Plum 000000000, w(l) ~ 0.625, § =

2.74 x 10712, K = 1.627, K' = 6.118, o = 0.445 x 1072, 3 =0.168 x 10~''0 000000
00000000000

(2.37)

2.3 Schroder 00O O
00 [22]000, Schréder 000000000000
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godo200bd0boobaboz3iuguoubooooood, 23200000000
00000000000000023.3000,00000000000000 algorithm (EB algorithm)
gooobooboo,00boobbdgn agoersthm DODODOOODOO0OOOODOOO
goooo

gob,dgdboboboogobbbuoooobon

Definition 4 (1) 00 w:[e,b) = R"0 k0000000000 00,000 u e Cla,bd]
0000000000000 00O0O00,00weRa,b)000O0

(0000000 RO0 29< 31 <+ < Ty < Ty 0000, C2 [0, s Tpa] 000 O
godd

CoklTo, s Tmyr] = {u € Cf[wo, Trmyr] | Ul ;) € Clrj, 2541] (7 =0,...,m)}

00,00000 vw=(u) 0000, u € CPla,b] (i =1,..,n)00000,000 u €
Cr"a,b) 0000
00,00000,Cyflwe, tnn] 00000000

Con [T05 oy Tmya] = {u € Cy " [wo, g ]| Ul 25001 € CF " 25, 2504] (5 =0,...,m)}

(3)00 A= (a) € M,(R) D000, a; >0(i=1,.,n, j=1,.,n)00000,000
A>0000000,00 A= (a) € My(R)0D00,A0D00D0D A00000000
A0000O00O00O00OO0

Ad = (a;65) (650 KroneckerD0 OO DO)

A = A-— A
0000,00 A0, A=A+ A0000000000
(4) o <400000 ¢, ¢, ueCr0,1]0000,[p,¢] 00<¢,uy>00000000

(o, 9] = {velg01][e<v<y}
<¢u,v> = sup{y,inf{u,¢}}
2.3.1 breakpoint 0O OOOOOO

gob,ggdbbboooooboboooobon
O0,R=CP0,1]00000,RO000000 ADDOODOODOOODO,ueROOOO

Liu)(z) = —u"(z)+ B(x)u'(z) + C(z)u(z) for xz € (0,1)
(Au) =< Bolu|(z) = —a’u'(0)+ Iu(0) forz=0 (2.38)
Bi[u](z) = o'd/(1) 4+ Tt u(1) forz =1

000,00000 B,cO00O o°%al,I%T e M,(R)0,00000000

B e C?™[0,1], C € Cy"[0,1]

o, ;0000000000 10000000

I =43 +a°Ta° (o€ {0,1})

Br=1-a° (ce{0,1}, Ie M,(R)OODOO0O)
(2.33) 00000000000 A=(L,By,B,)0000,000000000 A4* = (L*, B, BY)
gbooboooog,d Ly,py,pfbouboooobobgo, 0o rbgoboooobon
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0oo
{L*[U](x) = —(u(z) + B (z)u(z)) + CT (v)u(x)
B,[ul(x) = (=1)""a’[u/(0) + B (0)a"u(o)] +
00,0000000000000,00000000

0oo

(F)u(o) (o €{0,1})
0000 =z;0, breakpoint [0 O [

0= Tio < Tin < < Tim < Timt+1l = 1 (’L =1, ,n)
000000000,000¢,J, 00000000
& = {ayl j=1,...,m }
J = {G)]i=1.,n j=1,.,m;}
£ = {ay| (e}
00,000 »,S,RO0000000

, n
r=J& ¢ jump000000000OO0
i=1
S=S : 000 OO &0 jump 00000 [0,1]00
0000000 weCr0,1]00000
R : «eSO0WO0 0000 jumpOOODOO [0,1]
\ 000000000 weCr0,1]00000

000000D000,238)000000 ADODOODO A=A00000000

(Au)i(z)  forz €[0,1] =&

w;(z) for x €& (2.39)

(Au),(x)z{
0000000 A*0 R*={vecy0,1]] v +BTveCr0,1} 0000000, A*0D0
000000 A'0ROODOOOOOO
00,L By, B,AAD00000,000000000000000, A0 AODOOD
gobbobooogbobodgo

gobbooogg,bo200bbbouoogbboboo

001
Find w e R such that Au=r
d(x) forxz € (0,1) d € C}0,1] (2.40)
r(z) =< d°(z) forz =0 de€R .
d'(z) forxz=1 d' e R

00000,0000 A=A0¢00000000O0OOOOOOOOBOOO0,0000

O breakpoint function DO OO0OO0O AYO00000,000000000
hijECQZ[O,xij,l] such that (h')(z;; —0) — () (z;; +0) = ¢;
(;0:0000001000000000)

00, breakpoint function 00 H="HOOOOOOOO

H={h"](,j5) €}

O000,0HOODODOO (U)D00000000000000o0o0g, Lemma280000
gooo

oo (U)
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000 h=(hy,...h,) €EHOOO q=(q1,....,q0) € R*[0,1] 0000,

< h,q > = Z hz(xzj)(b(%]) =0
(i,)e]
000000, ¢g(zy;)=0  forV(i,j)eJOOODOOO

o0o,000

{ L*[h)(z) = 0 forz e (0,1)—¢&

Bi[h)(z) = Bi[h](z) = 0
O, breakpoint function 00000, Ah=AY000000 (241)000000000000
oooo

heHOweROODOO,0000000D0DO0O0O0,00000,

/ KT Liu /0 (L*[h)Tudz (2.4)
]( ) Q h?“ ) + [hl(xzy ) - hl(xz’j + 0)]TU(1‘Z'J')+ < h, q >

(2.41)

god
¢i(rij) = wi(wy +0) —ui(zy; —0)  (0€{0,1})
)

= (I5[A)" By [u] — (B [h])" Lo [u]
= C1a I + BTH(o) + a%hio)
= ly(u,u’)

ly(v,w) = (=1)°8%[w — Ba’ul(c) + a’v(0)

gboo,00«0 ROODODOOOOOODOOO,00b0oobo

wilyy) = Plhyr] — l[hyu]  for ¥ (i,5) € J
000, Pl 0 ik =i(hu«)0000000000000
Plh,r] = (@[R)7d + ([R)Td" + / W7 dd
hyu ) = (B[R] lo(v, w) + (B[R] (v, w) + / (L*[h]) vda

goooboo,ob Iboboboobonuoobooboobooo

0oIr
Find w € R such that Au+ Lu =P,

{ Li(x)=0 (Py)i(x) =ri(x)  forxe|0,1] ¢ (2.43)
Li(x)=Ih,u] (P,)i(x) =Plh,r] forxz =z
oo, 000o0oooono,od Lemmae28000000

Lemma 8 (00 100000 I0O00OO0OOOOODO)
O0I000we RO (243)00000, breakpoint function 00 HOOO (U)0O0O00O
gooooo

O000,00I00weRO0OD0O0O,ueRO0O0O,00wuwe RO (240)00000
[00]0000,00100 weRO (240)0000000,(242) 0000000000
ogood

Jddd,ve ROOOOOODOODOO
D000 weROODOD,(242)0 (243)00,

<h,g>=0 forVheH, Iqe€R"0,1]
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(U)YOO, ¢z)=0 forV(ij)eJ
000,0000000,uecpo,1]
(243)00000000,« €Cp[0,1] 00, ueCy0,1]=R O

2000000boboboooobo,20bbbdooboboboooobboboOon
oo I

Find uw € R such that Mu=r(z) z€|0,1]
Mu(z) = Au(z) + Nu(z) (ADDOODO, NODODOOODO)
Nu(z) = F(z,u(z),u' (x))

2.44
f(z,y,p) forx € (0,1) f:[0,1]xR"xR" - R" ( )
F(l’,y,p)E fo(y) fOT(L‘ZO fO;Rn_>R"
() foraz=1 LR > R"
OO0 IlIo, 00000000000, ogoo Ivoooooooooooao
oo Iv
Find v e R such that Mu="P, (2.45)

M(z) = A(z) + L(z) + Py(z)

000, A(z),£(z),P.(z)0 (243) 000000000, Py(zx) 0000000 NOOOO
000000000
00,0000000, Lemma28000000,00 Lemma29000000

Lemma 9 OO0 OO0 IVO,00 (U)OD0O0OO0OOO0OOO

23.2 JUO0O0Ooboobooooooon

000 200000000000 MII0000,000000000((COOO)DOOO
gogbbbbooooobooobbooooobbobbooo,gobobbooooon
gobobooogboo

go,0ogdobob,ggobboa,gbbobuoooobobood

000,00000000 K(xOOooooooooooooo

(A) K@) ={yeR"|¢(x) <y<i(z)}
for o, Y €R such that ¢ <)

(B) K(x)={yeR"|[jyll <)}
for ¢ € Cg,[0,21, ..., wm, 1] such that ¢ >0
(00O, ||---]|0 Euelid 000000000000

gooo,0b kbogoooooo
K={weCy0,1] | we K(z) forzel0,1]}

00,A)000,K=[p,| 000000000

O00,000000 Theorem24000000 W(z)OOOOODODODODOOOODO,000
goooboo
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(C) W(x)={yeR"|®(xz)<y<¥(x)}
for ®, ¥ e CJ0,1] such that & < ¥
(D) W(z)={yeR"||yl <¥(z)}
for W e Cyl0, 21, ...;xm, 1] such that ¥ >0

goobo, 00 wooboobooood
W={weS|weW(z) forxe|0,1]}

O00,(A)O0 (B)DOOOOOUOO,000 weRM0,1]0000, truncation function O

Oo000o0b0o00oooooon
(C) w=<®(x),w,¥(x)>
D) @E{ o el <)
o ¥ @) if lw@)l] > ()
O0,0000,w(z)eW(@)OOOO
00, u’-truncation operator 1 00 O0O0OOO MO M, 00 MO MODOOOOOOO

( Mu(m) = Mu(z) = Mu(z) for z € {0,1}
Mu(z) = (A%u)(x) + B(2)d' (z) + C(z)u(z) + f(z,u, @) for x € (0,1)
Mu(z) = (Au)(z)+ f(z,u, @) for z €(0,1)

Mu(z) = (A%u)(z)+ B(x)i/(z) + C(x)u(z) + f(z,u, %) forz € (0,1) = ¢
| Miu(z) = (Au)(z)+ f(z,u,d') forz € (0,1) =&

00,4 €W, eWOOO0O0,00 F=(Fy,...,F,)

F:[0,1]] xR"xR"x Cy0,1] x S — R"
gooooooo

Mu(z) = Au(z) + F(z,u(x), v (z),u,u’)
ggoboooobodoo,b0 nNnroooboobbooboobbUooboobboo,bo
Theorem 24000000

Theorem 9 00000 1) ~4) 000000

1) the dif ferential inequalities
(L] + B'w + Cv)i(z) + Fi(z, o(x), ¢'(x ),v,w) < di(z)
(L[] + B'w + Cv)i(2) + Fi(z, ¥(x), ¢ (x),v,w) > di(x)
forie{l,...n}, z€(0,1) =&, v e [p, ], weW

2) the boundary inequalities
(Bl + (T7)°v(0))i + Fi(o, (o), v) < df
(BOW] + (T9)v(0))i + Fio, ¥(0),v) > df
forie{l,...,n}, 0 €{0,1}, v € [p, V]

3) the breakpoint conditions
pi(zij) < PRV, 1 — F(v,0)] = 1(h7,v,w) < i(wy;)
for¥ (i,j) € J, v € [p,¢], weW

4) the derivative restriction

WERNK, Mu=P, = u €W
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0D000,00 110, €lp,¢], (v*) eWOOOODODOO v*eRODOO

[00]00000,,000000000000
(0D 100)
00,z€[0,1], y,peR™, veC20,1], we SOOO0D, 0000 F=(F1,..,F) 00
godd
(Bc(x w(x) + CC(.’L’)U(LL’))l +Fi(x,y,p,v,w) Zf S (Oa 1) - fz
]:i(xayap7v7w) = ((P)U)cv(x))l +Fi(x,y,v) Zf rT=0c {07 ]-}
I(RY v, w) + P[h¥, F(v,w)] if ©=my
gobobobuoo Foouobob,boogooon
Mu(z) = A%u(z)+ F(z,uz), v (x),u,u’) forx €0,1]
Mu(z) = A(z)+ F(z,u(z), @/ (z),u, @) forz € [0,1]

00, u-u’-truncation operator JJ 000000 MO0D0O00D0OO

Miu(z) = A%(x) + cu(z) + Bu(x)
Bu(z) = —cuf(z)+ F(z, v (), u(x), v, u)
= < pu,p >

D0000D0 ¢>0000000000,000000000000000
(Al +cQ)i(z) >0 forzeo,1], i€ {l,..,n}, (=(1,..,1) €R" (2.46)

0000,246)0 GreenOODODODOOODOODOODOOODODOO,(0300)0D00000O0O

(0D 200)
00000000

Proposition 4 M’y = P,00000000 pe ROODODOOO,00 pe ROOO
O,p€le,y] 000000
[00]00,RO0000 MOO0O0D0O0O0OO

Mu(z) = Alu(z) + cu(z) — cuf(z) + Fla, v (z), u'(2), o, p')

0000, Mu(z) 00 000 «00+000000000,00000000 M,000
OoooDoooo

MODDD MOO0O0O0O, Mp=Mp
000,000000000000,0000000000000

Mip;i =P, = ¢; <p; <1; forVie{l, .. n}

000,21]0000000000000000,000000000
000,p€lp,y] O

(0300)
00000000
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Proposition 5 000 A+ ¢/0,RO0D0O0O00OOOO,
FAY+c)™t on R

0o00,leM,(R)0000D0000000000
00 ] (A+ew00i000«00000000000,

(Ad + CI)Z = (Ad + CI)Z’U,Z

000000000 (A+el),0000 i€ {l,..,n}0000,RO000000000DO
gogodd

(2.46)0 2110000, (A% +cl);0 inverse — positive 0 0 0 O

000,33 A%+t onR O

(0D 400)
00000000

Proposition 6 000 Mfu=P,0,0 v* e ROOODO
[00]00 XooOoooooo

X={uwely0,1]|u; € Co1[0,zi1, ..., Tipm, 1] }

00 XOO we XO0,000 ||ullx = |Jufle + @]l 000000,
(X, ||-|lx) 0 Banach DODOODOO
(0 300)0 Proposition220000,00000000 TO0O00O0OOOO

Tu= (A +c)™ (P, —Bu) forVucX
Green 0000000000000 O00OOODO,O0O
T:X >R cX

ododododoooooooo
000,00 T7XO0 XOOOooOOoooooood
god, SchauderO OO O OOO0O0O,Te = 000000000 »* e XOOOOOO
TOO000,w =Tu* € R
Tu* =00,
Al +eus = P
At + cu* + Bu* = P,
M = P,
gdo,duguooooooan

— Bu*

<

(0500)
00000D0000,«*eRO00000000O000OOO0O00000

(0 200)0 Proposition2.10 (O 400)0 Proposition2.300,
w€RO0D,00 u* € e,y 0000
0oo,
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o= <put > = uf
oog,
M () = ANt (z) + F(z, () (@), (u*) (2), (u*), (u*)))
X = AdU*(x) + f(x7 u*(x)’ (u*)’(x), u”, (u*>l)
Mur(z) = A% () + F(z,u(z), (@) (2),u", (@)
= Al (x) + F(z, u(z), (u*) (2),u*, (u*))

ooo, Mt = Mu

(0 400)0 Proposition2.300, M? = Mu* =P,
00,(0400)0 Proposition2300,u*e RNKOOO,
00400, (W)ew

0oo,

Ju* e RNK such that Mu* = Mu* =P, , u* € [, 9], (u*) €W
Lemma?2900,00IIIO000 IVOOOOOO, 0000000000

00,00 [MIo0b0b000obbb0ooobobbo0ooooboog,bon Theorem 2.5
goooon

Theorem 10 00 o°00 «'000000 Hi(z) = (W (z),...,h" (x)) € C""[0,z,1] (j =
,..,m)O0OOO,000000000000000

a®=al=0

BOHI(0) = 0, BLHI(1) =0
Oo0,0001)~4)000000
1) the dif ferential inequalities

—"(x)+ < n, B(x)n > ¢ (z) + Q(z,n, Q) (x) — || f(z,y,p)|| > [|d(z)||
forze(0,1)=¢, neR", g€ R" such that ||n]| =1, <n, ¢ >=0
ye€ K(z), pe W(x)
Q(z,m,q) =<q,9 >+ <n, B(z)g>+ <n, C(z)n>
(0oo, <, > 0,R"0000000

2) the boundary inequalities

$(0) > [|d°]
P(1) = [1d]

3) the breakpoint conditions

vilwy) = (U[H? || + [[PH?,r]|| + |[P[H?, F (v, w)]|
forvVjie{l,.,n},ve K, weW

4) the derivative restriction

wuERNK, Mu=P, = u' €W
O000,00 0, |u<¢, ()Y eWDOOOOODOO «w*eROOOO
[0O0] Theorem 250000 5000000000000000,[22]0 Theorem 3.300
Oooo
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doobooooooooo2000000ooooboooo HImoooo,oogooood
oooooooooood
000,0000000 Lemma 2100 Lemma 2.1100000000,00000,(A),(B),(C),(D)
000000000 ¢, ¢, & ¥0,000000000000000
p=—1 for ¢ € R such that ¢ >0
{(I):—\IJ for¥(z)=reR", z€[0,1], k>0
00,[e,b Cl0,1]000000

Lemma 10 0000000000000 000 v = (W, ¥), 6 = (61,..,0,), k =
(k1. k) €eR"0D00DO000 B, y€ M,(R)0D000000000

< < < <
{y¢|_u,|d|_6,|B|_ﬂ,|C|_7 on (a,b) (2.47)

[f(z,y,p)| <k forz e (a,b), [yl <v, |pl<r

00,000 4¢€e{1,.,n}0000,00000000000000000,A=(Ay,...,A,)E€

R"'OOO0O
A2 +dvi(yv + k + 6);

(b — @) (s(a) + 13 (5) (248)

>
>
oooo,
(Fru)(e) = di(a), ()| < 9(x)  forz € (a,b), i € {1, n}
0000000,00000weCy0,1]0000,000000000
luj(z)| < ki forx €la,b], i € {1,..,n}
0O0]o0000o0oo
(Fru)(e) = di(e), ()| < 9(a)  forz € (@,b), i € {1, n}

000000000 weCp0,1]0000
ooo,

ki < |ui(t)| = &
00000000 ¢te(a,b)0000000ODOODOO
0000,u(z)=/m0000000000 (w(z)=-x000000)
000,00 «00000,

|ui(a)] 4 |ui(b)]
b—a

< (b= a)™ (dula) + (1)) < A

(2.48) 00,
ui(s) <A < ki <F;

00000000 s€(a,0)000000
0000,s<t0000000000(s>t000000)
ooo,

N <ui(z) <® forz€(st)
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gobooodg

(247)0 Mu(z)=r(z) forze0,]]000000,0000000
{ 0 < —uf(x)+by(z)ui(x)+a; forz€la,b
a; = (B)i+ ()i +ki+6
000, u(x) < p '(x)—l—ai (z € (s,t) )
000,u/(z) < fufi+a, =K, (z¢€(st))

DDDDDuﬂ@>ODDDD,DDpﬂDDDDDDD,

t
w(x)u (x)dr < /Ku )dx

H(0) ~ ()} < Kilwlt) - uils)) < Ka(w +9) < 2K,
oooooooo,

AR = AL < 2{BuF 4+ (8°6)i + ()i + ki + Sitvi
k?—4v(Br); < A2 +4dui(yw+k+6);

000000 (248)0000,00000

gob,booogbbb,ogoobbbuooooo

Lemma 11 Lemma2.100 (247)0,a¢=0,b=100000000000
0000,00 1H0O2)000000

000 ie{l,.,n}0000,(248)0 A =:(0)+(1)0000000,0000000
weR, |[uf <Y, Mu=r = |u/| <k

2)000 ¢ e€{l,.,n} 0000, (248) 0 A, = max{ A;; |71 =0,1,....,m,; }, Ay =
(xi,j+1 — l’ij)_l(lb(l'ij) +77b(.’17”)) ooooodgo 5 ooooooo

weR, lu <Y, Mu=P, = |u|<k

[00] 1) Lemma2100000,000 ie{1,..,n}0000,
a=0,b=1000000000000
2) Lemma2.100000,000 te{l,..,n}, je{l,.m;} 0000, a=u1, b=,

gobbbuogoobobo

2.3.3 EB algorithm

00000, 00000000000000,000000000000040 EB algorithm
O0O0ooood EB algorithm O, Theorem 240 Theorem 2500000000003
000, 0000000000000 0000O00D00000bO0D00oogooooon,o
0000200000000000000,000000 EB algorithm 0O0000,00
ooad

-U"+Y(z,U,U") = 0 forze(0,1)
By[U] ro (2.49)
Bl[U] T1

000,000000000000 (2490000, B00 B0 (238)0000,n=10
D000000000,YeC([0,]]xRxR, R)0000
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00000 (2490000 we Gy[0,1]0,(249)00000000000,(249) 00000
000 (250)0000000

{L[u1+f(x,u,u'> = d(x) (2.50)

Bolu] = By[u] = 0

000,01, f,d0000000000000

Llu|(z) =
flx,y,p) =

B(x

C(x

d(x
ogoo,uoooo

e e e

—u(z) + B(x)u'(x) + C(x)u(z)

Y(z,y,p) — B(x)p — C(z)y
%(m,w,w’)
%(m,w,w’)

W'=Y (z,w,w)

flz,y,p) 000022100 Assumption 2300000000,00

wz)00000000
z(l—2) ifap=a; =0

’ifOéoZCMIZO
T:fOé():O, 0(1:1

1—x if ag=1, a;y =0

gogdg,goaoo

0 (249) 0000 EB algorithm 000000000000, 000

Theorem 2.50 Lemma 2110 1)00000000O0

( EB algorithm )
(1)

-+ Y (z,w,0) =~ 0

Bolw] = 7o
Biw] = n

0000000000 weGyf0,1]00000

Lg]

%

oy
[«
=,
I
oo oo

Bi[g] =

000000000 geCypl0,6,1]00000

(3)

c=g(€+0)—g(£-0)

obooboOobob obO0b,ec#A0000000

(4)

( |B]
C|
|d|
|9

L [L[g]]

VANRVANRVANR VANRVAN

> 22 @

000000000048, v, 6, p, ADODODO

(5)
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1
=0
po = |o| ! pefmaxier=al
= 0
000000000 v € Cyol0,6,1] 00000
(6)

=
o
oun
—_— e — ——
I

w ™o
|
|%| Ho

|L[tho] — 1 b
O00ooooon 00000 vy, pe, 6o 0 OOOO
(7) e; >0000000

(8)

€1

Vo

INININ IV

Ao = 5{t0(0) + (1)}

Ay = Aply

Xo = vof 4[N+ 12(62472) + (1 — Ag)]2
ko = max{fo,2Xo}

00000000 Ay, Ao, xo, k000000
(9) majorizing function GOOOOOO e>00000,

{ G((1 4 )b, (1 +e)pod) + (1 + £)806 b
G((1 + &), (1 +€)kod) + (1 + £)dod )

gbooogog

<
<

OO0 EBalgorithm O00O0OOOO, Theorem 250000000
000,00000 (2490000000 U*eGyjo,1]0000000000

{ U —w| < = (1+4¢)dth
(U* —w)| < k= (14¢)bko

0000,00000 (249)000000000000000000000O00OOO0O

234 0O0O0OOOO

2.4 McCarthy 00 [

00 [10]000,McCarthy DO 0 DO00O000O0O
000000000000000
y'(t)+ ft,y,y') = 0

y(a) = f (2.51)
yb) = [y

O000,00000 (252)0000000000000000000O000O000O00O0, Kantorovich
ggbbooog,bbouooooboboooobn
000,0000000,252)00000000
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241 0O00O0OO0OOO

000,00 XOOOOOO ||-|00000000
{ X = Cla,b
= t
loll = ma ()

00,000 Q: X — XOOOOooooo

Q)(0) = «(0) + [ F)(s)ds (252

000,00 f(z)(s)0,000000000000

F)() = f(s 01+ [ w,0()

(00,0000000,0000000000000)

000,I,000 [0, 0000000000000 0O0

0000,00000 (252)00 ¢*(¢)0000000,00 (254)0000000
Q(.’L’*) € Ho

Find z* € X such that b
/33 = 01— B

(2.53)

O00,y*(t)0 2*000000000000000
t
=ps [

(253)00,000 QOO 20000 7000 Fréchet 00 Q'(2)(p) 000000000

Q@ =n+ [ @) [0+ [ Tataln (2.54)

000,000000,04:00 (+=2,3)0000000000000000
gog,00b0o0bo0on,0d Lemmae212000000

Lemma 12 0000 z€ X0000, Q'(x)0 (255) 000000000000
0000,Q(«)'00000,L>|[f@)|]+0—-a)l|f,(z)|000000000 LODO
00,00000000000
1Q" ()| < "7

[00][23]0 Lemma 4100000

00,00 Theorem?2.6000000

Theorem 11 z, € XOOOOO, I =Q'(x)"'0000000,000 P:X — XOO
oooood

(5~ )+ [ (ToQ() — 2

b
/r0(1)
0000,00 (1)~ (3)000000
(1) P(z)=0000000 < 20,254 000000

P(z) = Q(z) —

(2.55)
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(2) P'(z) 00000, Plz) '=T,000000

(3) /b( —ToP(z0)) =6 — 4000000
(002407000000

yOEC’l[a,b]DDDDDD(2.52)DDDDDDD,$OEy6DDDDDDDDDD
ogooo,odo P(x)zOD NewtonDDDDDDD,(2.54)DD,DD(2.57)DDD
gog
T :.’EO—F()( )
Y1 = 514'/301
yi(a)
yl(b> = ﬁz
Oood,dd Theorem 27000000

(2.56)

Theorem 12 Theorem 2.6 0000 (257)0000,0000000
Q={zeX||r—x <21}

gg,b0booggbbood

(

IF5(zo)ll + (b = )| Fa(zo)|| < L
Sllé) ||f2](x)|’ S Cij (l,] = 2,3)
xre 0
L(bfa) <
1 (0 —a)(cas + 293 + c33)(1 < K
I/ Lo(1
||3L’1—$0|| < 7
\ H = BK?] < %

0000,254)00 2*€ X0O00O0O0O000,00000 (252)00

t
y*:ﬁl+/$

gogbbobouoodg,0bobbooogoon

' re < (y") = @l <
ly" =zl < (b—a)r”
« _  (1=VI=2H)n

H
2||z1 —zo]|

Ts = VIRl

\ Yo = ﬁ1+/$0

[DD]DDD Lemma?21200000,000 z€QU0000,
1P ()| = [|Tol|

r

< 6L(bfa)
< B

0oo,
|P"(z)|| < K forVazeQ

oooooooobg, KentorovschOOOOOO0O, 0000000000, 00000
gooood
r,00000000000,400000
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Remark 3 (1) Theorem 2.70 y 000000 (252)000000000, 2 =y,00, z¢
0 (y*)OOODOODOODoOOooooo

00 g, eC' 0 (252)000,30000000000,0000000000 (00,00
00000,0000000 [6,b0000000000,[e,b000000000)0O0

1" = Toll < lly™ — woll + 181 — Fo(a)|
ooo,

t
Yo = ﬁ1+/$o

_ —/
To = Yy

DD;@O(G):ﬁIDDD)yOZyODDDD
(2) H=BKn<l000ODDODDOOO,00000 (252)0000 000000000
O00oooooo, Kentorovech OO O0O0OO0O000D0OOOOO0O0O

2.4.2 KantorovichOOODOOOOOOOO

00 242000, Kantorovich 000 0000000000000 0000000000
0000,00 BOOOO -9 < po000000000000,00 90 KOOOOO
0o00oo0O0oo0O

()00 00000
00,0000 ¢0000,np=Cy(¢)00000
Fo = Ql(l'o)_ll] |:| s
Q'(zo)(n) = ¢ (2.57)
(2.55) 00,
Qw)n) =+ [ K(s,Om(t)dt
000, K(s,t) = Falzo)(t) +/:72(x0) 0ooo

DDD,(2.58)DDD Volterra OO0 O0OO0O000O0O0O0O0OOOO
)+ [ K(s, Om(t)de = o(s)
oooooo,on Volterra DOOOOOOOOOO
£ + /:K(s,t)u(t)dt:w(s) (2.58)

w, KeC'0DODO,259) 0000 s000000,

u'(s) + K(s,5)u —I—/ (t)dt = w'(s)
ood,
si = a+(—1Dh (i=1,..,N+1)
h b—a
N
Osgoood,
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w o ou(s;) 000
w, - ou(s)'000

)

O0,u(s)0 Hermite 30O 0O0O0,0 ,00000000000000

w(s) = a;(s)a; + hby(s)w; + ¢;(s)t g + hdi(s)ﬂ;H (s;i <5< si41)

a;(s) = 1—3x?+ 2z}
bi(s) = mx; — 22}
ci(s) = 3z -2z}
di(s) = —a}+a]
ooo,
s — S;

0000,a(s)0000 [si, 8] 00, (si,%) 0 (sis1,%) 00000 300000000
000, a(s),#(s)00 s (i=1,..,N+1)00000000
0000,u, w;0 N+1000 50,259 000000,00000000000
= —/ Sk, dt+w(sk)
@ = —K(sk,sk)uk—/ Ky (i, Da(t)dt + w'(sy)
000,00 [s,s4]0 MOOOOOOO,00000 t;0, 00000000000

tp = a+(—-1)L% (j=1,.,NM+1)
I = (i—-1)M+1

goog,Swmpson 0000000 0O0O0O,000000 LOOODOOOOODOOO

Lemma 13 fcC°0000000000000,0000000000
Q<@ (i=1,.,N+1)

ooo,

Q = GG ISOI+NEED + @V + 1570
(K@) = 20[K(s,t)a(t)]

[0O][10]0 Lemma 4100000

o00,e(s) 0O,
e(s) = u(s) — u(s)

Oooobgobono,dn Lemmae 214000000

Lemma 14 feC’O00000000000,0000000

1F2(@o)ll + (b = a)ll f5(zo)l| < Ln
[F2(zo)l < Lo

L = 2Ly +hl,

L* = Ly+hL,
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oood,Lh<100000000,0000000000

2 L*Nh> ~ 2L*Nh 4
< (4) . @
el < { = [y 0@l + Q- expli ]+ o ] )

[0O][10]0 Lemma 4200000
00,00 Lemma 215000000

Lemma 15 feC’O000000000000,0000000000

4
@1 < YN8l 1™+ Bl + (0 = @)l - [lw]

ooo,
6 = B+ 1) — 6D —2f — f2)]
8 = =B+ fo— f2)
b5 = —fs
54:1

n o= A 4347 - (B + R)BA + f)
+f3[f3(6f(1) +3fa— f3) — 4f(2) 5f2(1)]}
Y2 = —{fs (3) 3f:§1)f(1)+f2f3(5f(1)+2f2 f3)
YOy Oy CAAON
[0O0][10]0 Lemma 5100000

000, w=Q(z) 0000 (259000 v,w=10000 (259000 «000,u0d v
0 Hermite 0000000 40 400000000000,000 4—u,3—00,0000
e0 s0000000000000,00 Lemma216000000

Lemma 16 L0 Lemma2140000000000000000, fecCc’0oOooon
O,Ah>0000000000000000000

Lh < 1
b
ol < w51/ ol

oooo,
n>||Z =zl +7

gdooooouoooogouog,
||lz1 — w0l <

gobbobooodoo,pg,0bbogoobbbuoogobbod

AR

b
[ Mv|b—ww

n = [lell +

[0O0][10]0 Lemma 5200000

45



000 Lemma 2.14, Lemma 2.15, Lemma 2.16 OO0 OO0, 00 OO OO0O0O0OOOOOO

()00 KOOOOO
00 f(t,y,y) 000 y0 ¥yOOODODOODODODOOOO,

sup ||713(33)|| <e¢j (4,5 =2,3)
€

000000000000000,00,40 ;0000000000000,0000 N, L, ms
000 a€Cle,b)0000,00000000000

Tola) = X w0+ [ )" (alt)™

Ob0d,zeQU0O0, 0000000000

t t
18+ [ 2l = llwo(®) + [ (@ ==l < llwoll + (b a)2n
lall < lwoli + ]2 = woll <zl + 21

000,00 ¢;0

N
> lleelllyoll + (b = a)2m)™(|lzoll + 2m)™ < e
k=1

gobooboobo,00 kKbgobogooboooboboooboo

B
KZ (b—a)(622+2623+633)[1+ b ]
[ 3= 0=l
gooobobo,0b Kboboooboobooo

0000, Kantorovech OO OO O0O0OOD0O0ODOOOOOOOOODOODOO
000, Kantorovich 000 0000,00000 (251)000000000000000
gobooboogon

243 UO0OO0OOO

2.5 Kedem [0 [

OO0 [7000,Kedem 000000000OCOO
gobbobooogbbobodgo

o = f(t,u(t)) te€(a,b)

{Blu(a)+32u(b) = w (2.59)

000,0 f, By, By, wO0O0O0O0O0000
f € C)RxR"R"
B, € M,(R) (0=0,1)
w € R"
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D00,0000000 (261)00000000000000000000000,2400
000,0000 Kantoroviech 00000000000000000,261)0000000
0000000000000000,(261)0000 20000, Kantorovich 000000
0D0000000000000000000000000000,00000 (261)00 2*
0000,000000 ||o" -2l <70 000000000

000,00000 (2.61)0 Kantorovich D0 00000000000000000

2.,5.1 OO0oooogd

oo, 0ddd Xbo yoooooooo
X = C([a,b,R)
{Y = Co([a,b,R) xR"={z|ze X, z(a) =0} xR"
00 XO YOOO [6,6]00 L*000 |- |i=~@yD 0000 (000,00,0000000
0,1 llz=@s0 || lx00000000000)0
0000,00 (X,][-[|l) 00 (Y,]|-]l=) 0 Banach 00000000000 0O
00,00 Ae M,(R)DDO0O0OD0 »reR"0O000,00000,000000000000
00
{|A| = [|Afle
Irl = 7l

0o0,261)000 fO0000,000 F:X —YOOOOOOOO

Flu(t)) = u(t) —u(a) — / f(s,u(s))ds  fort € [a,b] (2.60)

a

Byu(a) + Byu(b) — w

0000,000 F(u(t))=00,261)0000000000000
00,000 FOO 20000 Fréchet 0O F'(z,) 00 F'(z)0,000000 (2.63)
0 (264) 0000000

, B fu(s, z0(8))v(s)ds
P = 100 )+Bzv/ .

fm(sax) = {gg; i,7=1

F//(x())([v, w] (t)) _ /at(fmr(57 xO(s))v(S))w(s)ds

0 (2.62)

82 .
faa(t, ) = azjg;k k=1

0ooo, nz<r(t
P

)> 0000,v=[F(x))'p0,00 (265000000

/fxsxo (s)ds = r(t) (2.63)
Byv(a) + Byv(b) = p

goo,00b0o0booon,0d Lemmae217000000
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Lemma 17 A(¢t)000 [¢,0]00000 nxnOO0000,Y(#) 000000000 nxn
goooooooobon

{ Y'(t) = AQ@)Y(¢) fort € la,b]
Y(a) I (IeM,R)OODODDO)

O0,r¢) 0 re)=0000000000000000000000,0000000

/Y (s)ds + r(t)

ggboo,buogggboboood

[00][2)00,00 Y()OOOooooooo
000,V ')00000000 w(t) O well-definedd 0 00

oooo,
w(t) - | " A(s)w(s)ds
- v Y Us)A(s)r(s)ds + ()
~{ " A(s)Y(s) [y A (wduds — " A(s)r(s)ds)
ooo,

t
DDD,w(t)—/A(s)w(s)ds:r(t)D
00,00 Theorem2.80 00000
Theorem 13 00000 200000000000000,r(e)=00000
o(t) = +/ s)ds + r(t (2.64)
Byv(a) + Byv(b) = p

(266) 0000000 Y(#)OOO,R=B,+B,Y(h) 00000
0000,00 ROOOOOOOOOOOOO,00000 (266)00000000,0
00 V(00000000000

(2.65)



[00]0D0000 aceR"O0DO,
v@ﬁEY@LH/%@A@y@M&+Mﬂ+Y@M (1)

000000, v(a)=r(a)+Y(a)a=«
Lemma 21700,

t
v@%i/A@M@Ms:Mﬂ+v@)
goo,guouououoo,ooguoouood
b
fm:p—&Y@/YH@M@W@®+Bﬂ@DDDDDD
— ()0 (266)000000
000,00 ROODOOOO0O0O000,0(#) 0 (266)00000,
b
a:RAp—RﬂBﬁqw/}“%@A@ﬁﬁﬂs+R43ﬂ@) 2)
00000,(2)0 (1)0000000000,(267) 0000000
Theorem 2.8 00,00 Lemma2.180 00000

Lemma 18 000 F: X — YO (262)0000,Y(#)0000000000000000

y' = fult, mo()y(t)
0000,0000000000(00,0000000, ||-l.0|-|000000000
00)0

b
HFﬁxd_WISHYﬂ[é Y7 (s)lds - max(|[R™'By[,|[R7' By — I|) + |R7' Be| + [R7[ | + 1

00O Y7Ht) ==Y ' () ful(t,z0(¢t)) D000 O, Theorem 2800000000

2.5.2 KantorovichOOOOOOOOODOO

00000, Kantoroviech 0000000000000 , B, 00000000000
()00 «x00000
000,00 [¢,b|000000 nO000D0O0O00O

A=01 < Ty <+ <Xp<Tpi1 =D

000,00000 (261)0000 20,00000000000000

00 [x,24] (=1,2,..,n—=1)0000

rol, 000 z;, zj4q, mppU 0000 eggooooon
)00 [2n,2npa] 000D

xo, 000 2y, z,, z, UL O0OO0O0O0OO0OOOOOO 600O00O0OOOOO

000,00000 (261)000 f(t,v»)OOOO t0 « 000000000000, 200
ggbboobouoogobbodao
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0000,00 f(t,z) 0000 fu(t,2)D fu(t,z) 0000 t00 20000000
00000,00 k0,0 2—2,=70000 TaylorDOOO0OD00,0000000000
000000

ko= sup | fualt, z(t))]

lz—=zol|<r

< A faalt 2o@)) | + 7] fraa(t, ()]
0000,00 «000000000000

(2)00 BOOOOO
00 BO, Lemma2.18000000000000000000000, ||V, YY), |R™|
00000000000000000000
ooo,|v|o|y-000000000oooon

goodoo

V() : Y()OOODODOOoOO0O

W) : Y#)~'0D0DODDODOOO
0000,V(e)-W()=I00000000000
0o,

E(t) = Y(t)— V()

Ey(t) = Y7'(t) —W(t)
gdodod,ooooouodou,ououooo

t
&@::/A@&@@+&@

: (2.66)
Xﬂ)z]év@—/A@V@@

a

ooooo,

Eﬁ):(ﬁ@@ﬂ@w+Xﬂ)
“ t (2.67)
Xﬁ)z]—W@—/WﬁM@%

a

(2.68)0 (2.69)00,0000000000
IENNSL&@N+[mA@mE®N® (1=1,2) (2.68)

[2] 0 GronwallD O OO (Proposition 1.3) 000000, |E(t)| 000000000000

ooooo
t
E0)] < X exp( [ 14(s)lds)
< Jxfele

000oo,000,Al=2000000,e*>1000000,000000000000
gbobooobobo,0coocbobuobo A>0b00b0bU0obbOb00obD,DbObDOn
goboboooon

Otefuwu+h0000,0000000000000000
[Ei(t)] < [Ei(u)] + | Xi(t) — Xi(u)] +/ut |A(s)||Ei(s)|ds
1B < (B + [1X:() = Xi(u)]|)e"!] (2.69)
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Oo000,Ah>000000000,HMpDp000000000000
O, |Et)|0 (270) 000000000, Lemma 21700,

B = v Y15 A(s) Xy (s)ds + X (1)
= (V(t)+ E, (t))/ (W (s) + Eo(s))A(s) X1 (s)ds + X (t)

a

ooo,
t
[Ex(8)] < (V1) + |E1(t)|)/a (W (s)] + |Ex(s))A(s)[| X1 (5)]ds + [ X1 (2)]
ooo, .
1] < (VI + (1B D2 R (V15 + 1B D NAN X3+ 12X (2.70)
j=1
ooo,|-|,0:00000000000000000000
ooooo,
1Ealli < (W 1: + [ E2ll2) D Ay (VI + NE DN AN Xl + (1 Xl (2.71)
j=1

0000000, |E|D ||E|000000000000
000,E(t)0 E@)DD0000,||Y|0 ||y 000000000

00,|RY00000000000000

00,000 E(1)0 E(t)00000,
V(b)) = Y(b)| < 6

0000006 >000000000000

00,00 DO D=B,+B,V(h)0OOOOOD0D0O,0000000000

IR — D| | Ba ||V (b) — y(b)]
| B2 |61
69

100000,000 RA'O0ODDOOO,00000000000000

Al

000, D6

_ D1
1) R < %

_ _ D126
2) R - DY < BL

00 D '0000000000000D,000000000000000O0

1C e M,(R) such that | —CD|=6;<1, |D'—C|<|D™!
= DY < {5
0000, Lemma2180000000, Y], Y7, BB,
IR'B, —I|, |[R'B,|, R 00000000, |F(x) Y 00000000000000

0,00 pibooobogooboon

N

(3) D0 npoOOODO
Newton O O algorithm O 0O,

21 = 0 — [F'(20)] ™ F (o)

o1



000, [lzr = ol = [|F(zo) I1F (20)]l
O, ||F(z) Y| 0,2)0000000000000,||F(x)|| 0000000000, [Jag — o
00000000000000,007000000000000

000000, Kantoroviech 000000 (o) ~ () 000000000000 OOOOO
gobobooogd

Odg, Kantorovich OO OO0, 0000 200000000000 00DO000O0O0O0ODOO
ERERN

2.6 Urabel OO

2.6.1 O0OOOOOOOOOO

OO0 [25|000,Urabe0000000O0OO0OO

oo, 0o0dooboooouooooooooobooooooooooobooooo
dx

— = X(x,t teR

dt ('Z")

000, X(x,t)0 t0000 27000, (2,t) e DxROODOO000000O0OOO,DCR”
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Chapter 3
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