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Abstract

In order to verify the solutions of nonlinear boundary value problems
by Nakao’s computer-assisted numerical method, it is required to find a
constant, as sharp as possible, in the a priori error estimates for the finite
element approximation of some simple linear problems. For singularly per-
turbed problems, however, generally it is known that the perturbation term
produces a bad effect on the a priori error estimates, i.e., leads to a large
constant, if we use the usual approximation methods. In this paper, we
propose some verification algorithms for solutions of singularly perturbed
problems with nonlinearity by using the constant obtained in the a priori er-
ror estimates based on the exponential fitting method with Green’s function.
Some numerical examples which confirm us the effectiveness of our method
are presented.

Key word numerical verification, singularly perturbed problem, finite element
method, a priori constant.

1 Introduction

The numerical verification method for solutions of nonlinear differential equations
realizes a mathematically rigorous analysis on computer, which is often effectively
applied to the problem for which usual theoretical approaches no longer work.
However, there have been no practical verification methods which are suitable to
the singularly perturbed problem up to the present. In this paper, we consider
the verification method of solutions for the following singularly perturbed problem
with nonlinearity including parameter £ (1 > ¢ > 0):

Lu = —eu” —b(z)u + c(z)u f(u) in (0,1),
{ u(0) = u(l) = 0, (L)



where f: L>°(0,1) — L*°(0, 1) is a bounded continuous map, and we suppose that
b(z),c(x) € WL(0,1), and that there exists a constant v such that ¢(z) > v > 0.

Our arguments below are based on the finite element method on the interval
(0,1) withmesh : 0 =29 <y < -+ <z, < 21 = 1. Let h and Ay, denote the
maximum and the minimum width of subintervals, respectively. We denote the
trial and the test spaces by S and Vj, € L*>°(0,1) N H}(0, 1), respectively. And we
define the piecewise constant functions b = b(z), ¢ = &(x) € L>(0,1) by

T b(xi—1) + b(w;)

b() = . o) = c(xi_1) + c(z;)

2 ?

x € (21, 2;),

fore=1,--- ,n.

Here, we try to extend and apply Nakao’s verification method [2] for the ap-
plication to the singularly perturbed problem (1.1). In this method, it plays an
important and essential role to get an a priori error estimation of the finite element
solution of the linear problem, usually based on Hj-projection. For the singularly
perturbed problems, however, when the usual finite element schemes are applied, it
is known that the constant in the a priori error estimates increases as the perturba-
tion parameter ¢ decreases. That is, from the error estimates of the H}-projection
to the solution of —e¢” = g (g € L>(0,1)), it is known that, if we use piecewise
polynomials then we have

I — Pzl < C(e)h?||glloos (1.2)

where C(e) — oo if ¢ — 0. The estimates (1.2) imply that using such an approxi-
mate method would lead the inefficient computational procedure for the verification
for small . Therefore, in this paper we paid attention to the exponential fitting
technique, L-spline method, studied by M. Stynes and E. O’Riordan [4][6][7][8].
That is, we carefully and numerically estimated various kinds of constants appear-
ing in the error analyses of their methods. And we succeed in estimating an a
priori constant, such as in (1.2), numerically with independent of or less dependent
on the perturbation parameter, and to apply it to the verification for solutions of
the singularly perturbed problem with nonlinearity (1.1).

In Section 2, we show the computational result of the constructive a priori error
estimation of constants to the linear problem. Especially, as for the convection-
diffusion problem of the subsection 2.1, we obtained the error estimation of O(h)
which is independent of €. In the subsection 2.2, the theoretical analysis yields
some constructive error estimations to the reaction-diffusion problem, which can
be more effectively used for the verification of the nonlinear problem compared
with usual methods, even though it still depends on the perturbation parameter.
In the section 3, an actual verification algorithm is shown, and some verification
results are presented in the section 4.



2 Constructive a priori error estimates for a lin-
ear singularly perturbed problem using Green’s
function

In this section, we try to compute the constant in the a priori error estimation of fi-
nite element approximations for linear convection and reaction diffusion equations.
We determine two different kinds of constants corresponding to the convection and
the reaction diffusion problems, respectively.

2.1 Convection Diffusion Problem

We first consider the following linear convection diffusion problems.

Lo = —cd' —ba)d +e(e)p = g in (0,1),
{ 6(0) = 6(1) = O, 21)

where g € L>(0, 1), and b(x), c(z) € W1 (0,1) are given functions satisfying b(x) >
B> 0and c(x) >~ >0.
Now we define the bilinear form of (2.1) by, for each ¢, € H}(0,1),
CL(QO,LD) = 5(90/7 1/]/) - (l_)gpla ¢) + (CQO,@D),
ah(9071/}) = 6(§0,7 W) - (bgp,, W + (ES071/))7

where (-, ) denotes L? inner product on (0, 1). Then, the projection P, : H} — Sy,
is defined as

a(p — Ppo,vp) = 0, for all ¢y, € V. (2.2)

And we also define the approximation P;¢ = ¢5 € S), of solution ¢ to (2.1), which
we call the P;-projection, as follows :

ah((b;wwh) = a((b? wh)7 for all wh € Vh- (23)

Now, M. Stynes and E. O'Riordan [7] introduced the following L-spline {¢;}{,
and L*-spline {¢;}! ; which constitute bases of S, and V}, respectively, satisfying
fore=1,---,n

Lo = —epf —bgi+cpr = 0 i [0,1\{zy,--z,},
oi(rp) = O0F for k=0,---n+1,
L = —e! +bl+ap; = 0 in [0,1\{z1, -z},

Vi(zy) = OF for k=0,---n+1,

where 6F stands for Kronecker’s delta.
We now define Green’s function G; = G(z, x;) by the following equation, which
is spanned by {v;}";:

ap(w, G;) = w(z;) for all w € Hy(0,1).



Remark 1 [7] For each i € {1,--- ,n}, Green’s function G,(-) € C|0,1] is char-
acterized by

—eG!(x) + bG(x) +eGi(x) = 0 in [0,1]\{z1, -, 2.},

lim (¢GY(x) — bGy(x)) — lim (eG)(x) — bGi(x)) = —oF,

where x, = xp — 0 and z;7 =z, + 0. Moreover, G;(x) lies in V.

Lemma 2.1 For eachi € {1,---,n}, Green’s function G;(-) satisfies
eGl(z) — bGy(x) = eG}(0) +/ eGi(t) dt — Hy(z), x € [0,1\{z1, - zn},
0

where
1 if = > x,
Hi(w) = { 0 if z<ua.

Proof: By Remark 1, we have

/ ’ cGi(t) dt = jz / b (eGY(t) — bGi(t)) dt + / ’ (eGi(t) — bGi(t)) dt

k=1"77% J

= STIGH) — BGEL + G — B

Tk—1 Tj—1
k=1
= (eGi(z) — bGi(z)) — eG}(0)
j—1
+ [(eGilay) = bGilwy)) — (eGily) — bGil=)))]
k=1
which proves the lemma. |
Lemma 2.2 For each i € {1,--- ,n} and for arbitrary x € (0,1), we have
0< Gz T S —.
< Gi(z) < 5

Proof: From [7], it follows that G;(xz) > 0 for all i € {1,--- ,n} (cf. the proof of
Lemma 2.4 in this paper). We assume that there exists z € [z;_1, ;] such that
Gi(z) > 1/p3. Then, from Lemma 2.1 we have

eGi(z) = bGi(2) +eGi(0) + / ) cGi(t) dt — Hy(2)
> BGi(z) -1
> 0,



where we have used the fact that G;(0) > 0 because G;(z) > 0 and G;(0) = 0.
Hence we obtain 1/4 < Gi(z) < Gi(x;). It means that 1/5 < G;(1) from the
inductive argument, which contradicts with G;(1) = 0. i

Lemma 2.3 Let ¢ be a solution of (2.1). Then we have that ||¢|lcc < K||g]cos
where K = 1/ max{f3,v} and for all x € (0, 1), it follows

/ 1 -2z —Lz
0] < (S0 + G 4 Ca) gl

where

2 , 1
3 (1+ Kllelloo + 2K[6"])), 0325(1+KHCHOO)-

Proof: We first show that ||¢|le < 1/max{8,7}||g|lcc. Let yi(z) = Ki(1 —
2)||9llee £ ¢(x) and yo(x) = Ksl|g||co £ ¢(z) where K, Ky are positive constants.
Then we have that y;(0) > 31(1) = 0 and y2(0) = yo(1) > 0. Hence if K3 = 1/
and Ky = 1/~ then we find

Cr= Kb, Ca=

| =

Lyy = Ki[b(z)+ (1 —2)c(@)lllglle £ 9 | Lyp = Kac(a)llglle £ 9
> Kiflglle £9 > Kyyllgllee £ 9

Therefore, we obtain ||¢]|s < K||g|lcc by the maximum principle.
Now let go(x) = g(z) — ¢(x)¢p, and let

xr . 1 .
g1(x) = / go(t)e%b(t) dt, go(z) = / go(t)efgb(t) dt,
0 xr
where B(x) = / b(t) dt > 0. Then we get
0

(—e@/et?@)) = (—e¢ — b(x)d)et®), (2.4)
(—ede 20 = (—e¢” + bla)¢)e .

From (2.4)-(2.5) we have
/ox<—a¢/eif><t>>'dt = ¢/ (@) +2¢/(0)e’0 = gi(2),  (26)
/ 1(—e¢'e—%f’<t>)’ dt = —edf/(1)e 22W 4 e¢f (z)e o)
= go(z) +2 / 1 b(t)d (t)e 20 dt

— (@) +2 [b(t)gb(t)e—iémr Cok(),  (27)

x



where

Rewriting (2.6) as
—ed(z) + £¢/(0)e @) = gy (x)e @), (2.8)
we have the following linear system from (2.7) and (2.8).

5¢/(1)—€¢'(0)e_%3(1) _ _gl(l)e—gi)(l)’
e/ (e 426/(0) = g2(0) — 26(0).

1
Since b(1) := / b(t) dt > (5 > 0, this system is nonsingular so that
0

17 -1 1p
1 —e b 1 S O
_efég(l) 1 B 1 _ e*%i)(l) eféi)(l) 1 - 0

Therefore we obtain

< ¢'(1)] ) < 1 1 1A e—2b() ( |gl(1)e_éi’(1)| )
/(0] T el 2\ ez 1 192(0)] + 2[(0)]

1o 1ot (|gl<1>e—i’3<l>| )
el—e 20\ % 1 92(0)| + 2[K(0)]

IN

And we have

A 1 o 1 o
gl(l)e*%b(l) = / go(t)e*%[b(l)fb(t)] dt' < HgoHoo/ o~ t()=b®)] gy
0 0

1
Jonlle [ 200 at
0
€ _B
= Sloolle (1-¢7),

IN

1 . 1 .
/ go(t)e 100 dt‘ < ool / o 1) g
0 0

1
_B
||go||oo/ 2t gt
0

B

= %Hgoﬂoo (1-ef).

IN



Moreover, we have

K(O)] =

/1 (1) (b’(t)e—if’(t) _ b(gﬁe—;a(t)) dt’

' ; 1| :

< |[ viowe o+ 1 / o otne 0
0 0

< ¥ loliglls / 50 gt 4 L bl 0l / T
/ ' 7ét 2 ! 7§t

< Mlloli9lloe | e75 dt+—ubnoor|¢uoo e %t

B

_B
||b,||oo||¢||oo (1 —e <) +IblIZ ||¢||oo (1 —e <),
Since |[golloe < (14 K[¢lloo)[|glloc, we obtain

1—|—e_g
p

1+e_§
p

1 2
< U+ Klefoo+ 2K(16'Dllglle + %KHbHéHgHw (2.9)

Finally, we have the following estimate
go(t)e—%[ﬁ(r)—é(t)] dt' < ”gOHoo/ —Llb(@)—-b®)] g4
0

Y By
< HgoHoo/ o260 gy
0

< %(1 + Klefso)llglle.  (2.10)

Combining (2.9) and (2.10) with (2.8), we obtain the desired conclusion. i

1—e_§
1—e’¥
1

1+e’§

|¢/(0))]

IA

2 2
o] - b/ o] o] A b 2 o)
190ll +6H ool ll +€5|| 15 1ol ]

<

2 2
o] - b/ [e'e] o] A b 2 o)
1g0ll +5H ool ll +€5|| 15 1ol ]

x

Li(z
g1 (z)e™ "] =

Theorem 2.1 Let ¢ and ¢ be solutions of (2.1) and (2.3), respectively. Then

|(¢_¢Z)(xz)| < COhHQ”OO? 1= 1727"' T (2'11)
where ] ]
Co = @Hb’l\oo (C1+¢eCa + BC3) + BKHC'Hoo-

Here, constants C;, 1 <1 < 3, and K are defined in Lemma 2.5.

Proof: From the property of Green’s function, we have

(6 —di)(xi) = an(d— &5, Gi) = an(o,Gs) — (9, Gy)
= —(¢/,(b=D0)G;) + (¢, (c— 0)Gy).

7



Hence, we have

(6 = 65) (@) < 'l 11D = blloc | Gillow + 1@ llsclle = ell 2, [|Gillo-

Now we estimate each term in the above. First, note that

Bt < s [ WO,
1 x 1

"L
le— el < / e = clloe dt < [[¢]loch.
0

Since the estimations of ||¢||« and ||G;||« follow from Lemma 2.2 and 2.3, respec-
tively, it suffices to bound ||¢’||z,. From Lemma 2.3, we obtain

1
1l = / 16/ (0))de
Y1, s, _B,
< / “C1eE 4 e 4 Cy ) gl d
0

1 €
< (Bcl 20,4 03) 19l

Thus the conclusion follows immediately. |
Theorem 2.2 Let ¢ and ¢5 be solutions of (2.1) and (2.3), respectively. Then

”d) - ¢Z”oo < ChHgHom
where C' = C(\) =11+ (2= N)1o for A €[0,1) and 7, 7o satisfies

_ 4 / B T if Cp =0,
M= gy e (Crtels), = { max {7, Co/(1—A\)} otherwise,
where )

SR — e < A YA
T 5+<1_A),yh[+(|| |00Cs + K||¢||00) R]

Moreover if Cy = 0 then we can choose that X € [0, 1].
(Constants C;, 0 <i < 3, and K are same as in Theorem 2.1.)

Proof: We prove the theorem using the maximum principle. First, we consider
the case of Cy = 0. Notice that, by the maximum principle, if the function r(z) >
0 satisfies L(£(¢ — ¢5)) < Lr(x) for each z € (w;_1,2;), then we have +(¢ —
#5) < r(z), for all x € [z,_1,x;], because ¢(r;—1) = ¢5(x;—1) and ¢(z;) = @5 (x;).
From this property, we derive the maximum norm estimates of local error in each
subinterval.

For each = € (x;_1,x;), we have

L(x(¢—¢}) = L(*¢) — L(£d;)

+(—e¢" — bg' + ¢¢)

g — (b—0)¢ + (¢ — )}

glloe + 116 = bllso|¢'| + lle = clloo/Iflloc
19lloe =+ 116'lloo |2 + |/l oo [l o0 2-

IAINA

8



Hence we get from Lemma 2.3

T € 1 —8g
Lo- ) < (101+C) e W lahlalle
+ 1+ (G5t e + KNI lloo) P 19l oc-
Now, for each X € [0, 1), define r(x) by
r(z) = Tle’;%thgHoo + 7 [h+ Ari1+ (1= Nz — 2] 9] o (2.12)

Then we have

_ 2 b

Lr(z) = n (—6— + 6—5 + E) e’%”hHgHoo

+r b+ c(h+Azisi + (1= Nz — )] |9l

3 _B,
> (4 ) e E gl + [0+ (1= N3]l
Hence if
4 /
il Z m(01 -+ 802)”[) Hooa
1
T [+ (Il C3 + K[| c0)P]

= Br Ak

then, noting that e~5% < e~%7, we have L(+(¢ — ¢5)) < Lr(x) on [x;_1,7;] . In
this case, we can choose that A € [0,1] since r(x) > 0 if A = 1.

Next, consider the case of Cy # 0. In that case, we also define r(x) by (2.12),
then we obtain a positive lower bound of r(x) satisfying r(z) > m2(1 — A)h||g||c-
Hence the function r(x) satisfies the condition of the maximum principle for the
corresponding error estimation if 72(1 — A)hl|g]le > Cohl|g|lco. Thus, we obtain
the following condition on 7.

Co
1=\
Therefore, the proof is completed since |r(z)| < [11 + (2 — N 7] h||g]|oo In [;1, 4]
i

Ty 2

Note that the a priori constant C' in this theorem still includes the perturbation
parameter €, but one can readily see that it is essentially independent of this
parameter. As a special case, we have the following corollary.

Corollary 1 Ifb(x) = 3 and c(x) =~ are constant, then

h
€ _ . 2.13
||¢ ¢h||oo < ﬁHgHoo ( )

Moreover if 3 > ~h then the constant appeared in the right hand side of (2.13)
gives the minimum value of C(X) in Theorem 2.2 with respect to all X € [0, 1].

9



Proof: In this case, we have [|V/||oc = ||¢||oc = 0 in Theorem 2.2, it implies that
Cy = 0. Hence, we find

_ 2-A ' _ vh — 8
“Fra-om ST Era oy

Therefore C(1) = 1/, and, moreover, C'()\) is a monotone decreasing function, if
B > ~vh. Thus, we have the desired conclusion immediately. |

()

2.2 Reaction Diffusion Problem

We consider the following linear reaction diffusion problems.

Lp = —e¢'+c(x)p = g in (0,1),
{ 9(0) =¢(1) = 0, (2.14)

where g € L>(0,1) and c(z) € WL (0,1) with ¢(z) >~ > 0.
For all p,v¢ € H(0,1), we define the bilinear form associated with (2.14) by

a(p, ) = (¢, V) + (cp, ),
an(@, V) = (@', ¢Y) + (ep, ).

Then, the projection P, : Hi — S}, is defined as

a(gb - Ph¢;¢h) = 0, for all ¥ € 5. (2.15)

And we also define the approximation Pf¢ = ¢ € Sy, of solution ¢ to (2.14), which
we call the Pr-projection, as follows :

an(Ph, ¥n) = alg, ), for all oy € S, (2.16)

Then we define the basis {p;}7, of Sy, L-spline, by the solutions of the problems
fori=1,---,n

—epl +ep; = 0 in [0, 1\{x1, 2.},
SOZ(’:Ek) = (Slk fOI' k‘:o).n_‘_l

Remark 2 Note that the linear operator in (2.14) also satisfies the mazimum
principle. (see [4] as b(x) =0)

As previously, we define Green’s function G; = G(z, ;) which is spanned by {¢; }7,
by the solution of following equation.

ap(w, G;) = w(z;) for all w € Hy(0,1). (2.17)

We have the following equivalent formulation of Gj.

10



Lemma 2.4 For each i € {1,--- ,n}, Green’s function G;(-) € C[0,1] is charac-

terized by
—eGl(z)+¢eGi(r) = 0 in [0,1\{z1, -, 2.},

lim (¢G)(x)) — lim (¢GY(x)) = —6F,

(2.18)
(2.19)

(2.20)

where the notation that x;, and x; are the same as the one which was defined
in Remark 1. The above G;(x) is well-defined and lies in Sy, with G;(x) > 0.
Moreover let R = (Ry ;) be a matriz with Ry, ; = an(¢r, ¢;), (1 < k,j < N) then

|Gillo < [|R7 e, where || - ||o., means matriz mazimum norm.

Proof: For each i € {1,--- ,n}, we set

Gi = Z Oé;ng.
j=1

Then (2.17) is equivalent to the following linear system.
Za;"ah(gpkagpj):5f7 k:]-) ) T
j=1

Observing that

Ry j = an(en, pj) = e(@p, ;) + clen, ¢5)
n+1
= Y eloedilit |+ (on, —e) + Ep;)
=1
n+1

= Y eloedfls

=1

(2.21)

and noting that R is a tri-diagonal matrix from the property of base functions, we

have
Rip = eloppilsr | +elprpilont = ep(ay) —epi(z)) > 0,
Ryp1 = 5[90k90;c—1]§:_1 = 590;—1(331;) < 0,
R = elop@hplatt = =g (zy)) < 0.
From
sinh (\/E(x — xk_1)> / sinh <\/§hk> if € [zp_q,xx]
er(®) =9 ginh (\/E(:Ukﬂ — :L‘)) / sinh <\/§hk+1> if x € |xg, rpi]

0 otherwise

11

(2.22)

(2.23)



we have ¢} () = ¢}_1(2}) = 0. Hence (2.21) can be rewritten as

6F = af_ Rpj1+ Ry + af R
= ¢ (Of;cflSO;cfl + O‘;AP;) (z) —¢ (@lzg@;c + O‘ZH%OZH) (z})
= € (h1Phor Ol + APl (75) — € (1Pl + bk + Al i) ()
= eGi(zy) — eGilay).
Therefore it follows that conditions (2.18)-(2.20) are equivalent to (2.17).
Next, we show that the coefficient matrix R is an M-matrix [1]. This can be

easily proved as below by the fact that R is a symmetric and Z-matrix (all off-
diagonal elements are nonpositive) from the definition of a,(+,-) and (2.22). Since

Ri—1y = —e@i(z_y), Rit1k = e0y(51),
we obtain
Rivp+ Rip + Reran = —e@i(a ) +epi(ry) — epp(ay) + ep(ap,,)

Te+1
= / / Jepy(t
Tk+1 Ik
= (/ —l—/ Yo (t) dt
Tk Tp—1
Th+1 T
> ([ [ et
Tk Tp—1
0

>

Hence we have that R is a strictly diagonally dominant matrix, which means R is
an M-matrix. Thus, G;(x) is well-defined and lies in S, with G;(x) > 0, because
M-matrix is nonsingular, all elements of its inverse matrix are nonnegative and the
components of the right-hand side of (2.21) are nonnegative.

Next we show that G;(z) attains the maximum value at the end point on each
subinterval.

Let
hi($ —xp1) —er(z) i x €[TR, 2]
ri(z) = hl (e — ) —pi(x) i @ € [T, Ths1]
0 otherwise
for k = 1,---,n. Then, since rp(2;_1) = ri(z;) = ri(xip1) = 0 and Lry(z) > 0

in each subinterval, we obtain ry(z ) 2 0 from the maximum principle. And each
Green’s function satisfies Gi(z) = afr(z) + o} pr+1(x) on each subinterval.
Therefore it follows that

|042|90k(%’) + 10‘2+1\90k+1($)
max (|0, o 1)) - (£1(z) + @1 (x)
max(|ag|, |y q]),

o or () + O‘ZH%H(JC)‘

IAINCIA

12



because ri(x) > 0. Thus, we get the following estimate.
|Gilloe = max [(R™)x] < maxmax | (R, < mgXZ; (R Digl = 1B e
]:

Therefore the proof is completed. |

Theorem 2.3 Let ¢ and ¢5 be solutions of (2.14) and (2.16), respectively. Then

where Co = 1/~||R™ |,
2.4,

|||oo, where R is the same matriz as described in Lemma

[e o] ’

Proof: From the property of Green’s function, we have

(¢ —di)(w:) = an(d— &5, G))
= (¢,(€—)Gy).

Hence the nodal errors can be estimated as

(¢ — &5) ()]

IN

[@lloclle = ellzy 1Gilloo

1

—IIR e I oo llgl -
gl

IN

For the numerical computation of ||R™!||, with guaranteed error bound, refer,
e.g., [3].

Theorem 2.4 Let ¢ and ¢ be solutions of (2.14) and (2.16), respectively. Then

10 = hlloc < C(h,€)lgllos

where

1 1 7 Pmin
C(h,e) = max {— (1 + —Hc’Hooh) d(h,e) + 2~V Coh, C’oh} )
Y Y

2
d(h,e) = (1 —e ?5) < 1.
Here, Cy is same as in Theorem 2.3.

Proof: We use the maximum principle like the convection diffusion case. We
now constitute a function r(x) which satisfies with L(+(¢ — ¢5)) < Lr(z) and
(¢ — ¢5,)(wio1) < r(wi1), £(P — ¢f) (i) < r(x) in |21, 24] fori =1,--- n as
below.

13



We first estimate L(£(¢ — ¢5)) as follows.

L(£(¢—¢})) = L(F¢) — L(£d}) = £(—e¢" + &) = £{g + (¢ — )¢}

< Jglloo + 12— cllollloc
< gl + €l 6 loch

1
< (1+;Hc'||mh) P

where we have used the estimate ||¢|0 < 1/7||g]|co Which is following by the similar
argument to that in the proof of Lemma 2.3. Here we solve the following ordinary
differential equation with Cj := Coh||g||co-

—er’(z)+er(x) = g in (xi1,x),

r(zio) =r(z;) = Co. (2.25)

Then the solution of (2.25) is written as

r(x) ! [E <1 —eVEEnmn) _ Vi) | e*\/—§h> +Cy (e\/g(mi*ﬁ”) + e\/g(z’“)ﬂ .

C1yeVinle

Since r'(x) = 0 at x = (z;_1 + x;)/2, we obtain
1 g _ /T2 VI A A
Ir(z)| £ ———= max t(l—e 62) +2e V2, Coo,
1 +eVeEn ¢

where h; = x; — z;_;. Therefore, the maximum principle completes the proof. il

3 Numerical Verification Algorithm

The singularly perturbed problem (1.1) is transformed to the following fixed point
equation:
u= F(u),

with the notation F(u) = L™ f(u), where F' becomes a compact operator from
L>=(0,1) N H(0,1) to itself. We apply the verification method similar to that in

[2].
Instead of the HJ-projection in [2], using the projection P, defined by (2.2) and
(2.15), we have the following decomposition of the fixed point equation u = F'(u).

Phu = PhF(u),
(I-Pyu = (I—Py)F(u).

Let 45 be an approximate solution of (1.1) which satisfies ap, (45, ¥n) = (f(45), ¥n),
for all ¢, € V3, and let

Np(v) = Pyu— [I — F'(@)];H (Pou — PoF(u)). (3.1)
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Here [I— F'(45)];, " is an inverse operator of P, (I —F'(45))|s, : Sn — Sp and F'(a)
is a Fréchet derivative of F'(u) at 45. Then (1.1) is equivalent to the following fixed
point equation.

u = Tu, Tu = Np(u) + (I — Py)F(u).

Defining the candidate set, a set expected to include the desired solutions, as
U=4a5+W,+|[la]], € L®(0,1) N H(0,1), where

Wy, = {wh €Sy wy = ZWW“ Wi = [—w;, w;], w; > 0}7
i=1
ol = {ael=0,1)nH0.1): |allx < a},
if the condition

Ny(U) C Uy, (3.2)
(I =P)FU) < [la]l, (3.3)

holds, then, by Schauder’s fixed point theorem, there exists a function u € U such

that Li = f(a).

In order to estimate the error ||¢— P,¢||, we use following triangular inequality

16 = Pudlle < Mo = Brdlloo + 1550 — Prddllco- (3.4)

For the first term, we use the estimation already discussed in the previous section.
For the second term, by the fact that a(Pn,¢,vn) = an(P;é,vy), for all ¢y, € Vi,
it is essentially independent of e, because of Lemma 2.3, Theorems 2.1 and 2.3.
Actually, it is easily seen that, by using matrices A = (4;;) = [a(y;,¢;)] and
Al = (AL)) = [an(p,¢1)], we have || Pi¢— Puglloc < Chl|g|loo, where C := 3| A~ —

(AM)=Y],, which is followed by the properties of basis of Sy, Vj,.

From the viewpoint of the effectiveness of computational cost, we usually use
the residual form below instead of the original equation (1.1) [9].

That is, for the singularly perturbed problem (1.1), we define the solution u of
the following linear singularly perturbed problem.

—et” = b(x)d +c(zr)u = f(a5) in (0,1),
u(0) =u(l) = 0.
Then, defining vy = u — 45, we get the following estimates

[volloc < ChI[f(a5)lloc

by the same constant C' in Theorems 2.2 and 2.4, because uj coincides with P;-
projection of u. Thus the concerned problem is reduced to finding w := v — u
satisfying

—ew” = b(z)w' + c(x)w = flwHuvo+a5)— f(uj) in (0,1),
w(0) =w(l) = 0.
Then, since the approximate solution of (3.5) is taken as 0, the candidate set for
the solution is usually taken of the form W = W), + [[¢]] ..

(3.5)
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4 Numerical Examples

We now present some numerical examples below, to show the effectiveness of the
Theorems 2.2 and 2.4. We employed the residual form (3.5) in our procedures of
verification.

We first consider the following example of the convection diffusion problem.

Example 4.1

Liu = —eu—b/+cu = 1—4* in (0,1),
u(0)=u(l) = 0,

where b =1/(27)%, ¢ = 1.

We omit detailed and actual computational procedures for checking conditions
(3.2) and (3.3) (see, e.g., [2][9] etc.). The approximate solutions are shown in
Figure 1.

Example 4.1

L L L L L L L L L
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

Figure 1: The approximate solutions of Example 4.1.

Table 1 shows the verification results for uniform mesh with n = 999 using
L-spline in this paper. We also illustrate, for comparison, in Tables 2 to 3 the
results using the usual verification algorithm with piecewise linear functions as in
[9]. We show that the distribution of mesh size for non-uniform mesh in Figure 3.

In Tables 1 to 3 and 4 to 6, the exact solution is enclosed by @7 +Wj+[[a]] 4o,
i.e., "Total”’s mean the total error of the approximate solution uj5. ”Fail”s in tables
mean that we could not get the solution u with guaranteed error bound, in the sense
of infinite dimension, but we could get the approximate solution with guaranteed
error bound, in the sense of finite dimension.

We next consider the following example of the reaction diffusion problem.

Example 4.2 (Allen-Cahn equation)
Lyu = —eu"+cu = (c+1Du?>—u® in (0,1),
u(0) = u(l) =0,
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Table 1: L-spline (Uniform) for Example 4.1

1/e Total o IWh|| s llvolo
100 4.8819e-2  2.7863e-3 1.9576e-2 3.7979e-2
1000 | 4.9337e-2  2.7858e-3 1.9554e-2  3.7979e-2
10000 | 5.1568e-2  2.7913e-3 1.9621e-2 3.7979e-2
100000 | 6.0336e-2  3.0415e-3 2.0178e-2  3.7979%-2
1000000 | 6.3029¢-2  3.7266e-3 2.1801e-2  3.7979e-2

Table 2: Piecewise Linear (Uniform) for Example 4.1

1/e Total a Wi oo llvol o
100 9.4484e-3  1.0157e-5 1.1025e-4  9.3539e-3
1000 | 6.4661e-2 6.6864e-4 6.1947e-4  6.3552e-2
10000 | 9.1327e-1 8.7964e-2 3.8504e-3  8.2299e-1
100000 Fail 00 00 2.0192e+1
1000000 Fail 00 00 5.477Te+2

Table 3: Piecewise Linear (Non-Uniform) for Example 4.1

1/e Total a W 1| oo llvo| o
100 5.1665e-3  5.2703e-6 8.1393e-5  5.0948e-3
1000 2.4911e-2  1.4200e-4 2.9216e-4  2.4568e-2
10000 | 2.7563e-1 9.4780e-3 1.2795e-3  2.6568e-1
100000 Fail 00 00 6.7784e-0
1000000 Fail 00 00 2.0396e+2

where ¢ = 1/10.

The approximate solutions are shown in Figure 2.

Tables 4 to 6 show the comparison of the effectiveness for L-spline with uniform
mesh and the usual piecewise linear finite element method with both uniform and
nonuniform meshes for n = 999. Figure 3 shows that the distribution of mesh size
for non-uniform mesh. By these tables, it is seen that if we use the uniformed mesh
then L-spline yields always better approximation than the usual piecewise linear
finite element. ”Singular” in Table 5 means that we could not get the approximate
solution with guaranteed error bound, in the sense of finite dimension. As shown
in Figure 4, the usefulness of L-spline method should be more and more clear
compared with the usual method when ¢ tends to be very small.

The numerical computations were carried out on a Dell Precision 650 Work-
station by using INTLAB, a tool box in MATLAB developed by Rump [5] for
self-validating algorithms.
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Example 4.2
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Figure 2: The approximate solutions of Example 4.2.
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Figure 3: The distribution of mesh sizes.

25 *
*
*
200 E
*
*
*
~~15 *
L M |
@ *
*
< %
©] % )
* L-Spline
10F * Piecewise Linear
sl
o . . . . . . . . .
o 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9 1
- € x107

Figure 4: Constructive a priori constant C'(h,¢) for Example 4.2
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